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Abstract 

We consider L^-supercritical and i/^-subcritical focusing nonlinear Schrodinger 
equations. We introduce a subset PW of H^{R'^) for d > 1, and investigate behavior 
of the solutions with initial data in this set. For this end, we divide PW into two 
disjoint components PW+ and PW-. Then, it turns out that any solution starting 
from a datum in PW+ behaves asymptotically free, and solution starting from a 
datum in PW- blows up or grows up, from which we find that the ground state has 
two unstable directions. We also investigate some properties of generic global and 
blowup solutions. 

1 Introduction 

In this paper, we consider the Cauchy problem for the nonlinear Schrodinger equation 

2i^{x,t) + A^p{x,t) + \7p{x,t)\P-'^^p{x,t) = 0, {x,t)£R'^xR, (1.1) 

where i := \/— 1, is a, complex- valued function on M'' X M, A is the Laplace operator 
on M.'^ and p satisfies the so-called L^-supercritical and i7^-subcritical condition 

^ r oo if (i = l,2, 

2 + -<p.l<2.:.^ ,1.2, 

I d-2 

We associate this equation with the initial datum from the usual Sobolev space H^{M.'^): 

^(•,0)=^oGi^'(M'^). (1.3) 

We summarize the basic properties of this Cauchy problem (jl.ip and (|1.3p (see, e.g., 
[T2l EU [261 EZl [2H1 [53]). The unique local existence of solutions is well known: for any 
TpQ G H^{M.'^), there exists a unique solution ip in C(/max; -^"'^(1^'^)) for some interval 
-^max = (— ^max> ^max) ^- maximal existence interval including 0; T^^^ (~^max) the 
maximal existence time for the future (the past). If /max ^ then we have 

lim ||V^(t)||^2 =oo (blowup), (1.4) 

"*-'max 

provided that T^ax < c>o, where * stands for + or — . Besides, the solution ijj satisfies the 
following conservation laws of the mass A4, the Hamiltonian T-L and the momentum V in 
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this order: for all t G /max, 

|2 



Mim)--=\\m\\i2 = Mi^Po), (1.5) 
mm) ■■= mmh - ^\m)Cl^ = (i.e) 



V{tl:{t)) := 9 / Vil^ix, t)ij{x, t) dx = V{i^o)- (1-7) 

If, in addition, ipQ S L^(]R'^, Ixpdx), then the corresponding solution i/j also belongs to 
C {Imax'-i L'^ (^'^ , \x\'^dx)) and satisfies the so-called virial identity (see [21]): 



\x\ \^lJ{x,t)\ dx = \x\ \'il^o{x)\ dx + 2t'^ x ■ 'Vipo{x)ipQ{x) dx 

+ 2 [ [ /C(^(t")) dt"dt' for all t G 
JO 

where /C is a functional defined by 

^(/):=l|V/||i.-|^||/||^+i„ feH\R'). (1.9) 
It is worth while noting that 

2(^{^" (^ + ^)}"^"^^'^' ^^^'(^')' ^1-10) 
so that: for any / G if^(M'^) \ {0}, we have 

/C(/)>H(/) if P<1 + ^, (1-11) 

ICif)=n{f) if P=l + ^, (1-12) 

IC{f)<n{f) if P>1 + ^- (1-13) 

The virial identity p.8|) tells us the behavior of the "variance" of solution, from which we 
expect to obtain a kind of propagation or concentration estimates. However, we can not 
use (jl.Sp as it is, since we do not require the weight condition ipQ G L^(M'^, |xp(ix). We 
will work in the pure energy space H^{M.'^), introducing a generalized version of the virial 
identity (see ()A.20|) in the appended section [Aj) to discuss propagation or concentration 
of a "solution" in Section 14.11 and Section \5\ 

In some physical literature, nonlinear Schrodinger equations, abbreviated to NLSs, 
(or Gross-Pitaevskii equation) arise as NLSs with linear potentials: 

2i^(x, t) + A'0(x, t) + \ip{x, t)|P- V(a;, t) = V{x)i;{x, t), (x, i) G M'^ x M, (1.14) 

where F is a real potential on M*^. The case p = d = 3 corresponds to the conventional 
(/>^-model for Bose gasses with negative scattering length (see, e.g., [33]). Typical ex- 
amples of the potential V are: V{x) = Ch\x\'^ (harmonic potentials with > 0); and 
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V{x) = g ■ X (the Stark potentials or uniform gravitational fields along g £ \ {0}). 
However, it is known that these potentials can be "removed" by appropriate space-time 
transformations: For V = g ■ x, the Avrov-Herbst formula works well (see |1H I15|): 
For V = c/i|xp, the space-time transformations in \10\ I47j do. Therefore, the study of 
NLSs without potentials may reveal the essential structure of the solutions to NLSs with 
potentials (|1.14p . 

Our equation (jl.ip has several kinds of solutions: standing waves, blowup solutions 
(see (|1.4p above), and global-in-time solutions which asymptotically behave like free 
solutions in the distant future/ distant past. Here, the standing waves are nontrivial 
solutions to our equation (jl.ip of the form 

,/;(x,t) = e>*Q(x), L^>0, Q e H\R'^)\{0}. (1.15) 

Thus, Q solves the following semilinear elliptic equation (nonlinear scalar field equation): 

AQ-ujQ + \Q\P~^Q = 0, uj>0, Q e H^R"^) \ {0} . (1.16) 

Here, we remark that every solution Q to the equation ()1.16p satisfies /C(Q) = 0. Indeed; 
since any solution Q to (|1.16p belongs to the space H^{R'^)r\L'^(R'^, \x\^dx), the standing 
wave tp = e2^^Q enjoys the virial identity (jl.Sp . which immediately leads us to /C(Q) = 0. 

The standing waves are one of the interesting objects in the study of NLSs for both 
mathematics and physics: standing waves are considered to be the states of Bose-Einstein 
condensations. In this paper, we are interested in precise instability mechanism of what 
we call the ground state (the least action solution to (|1.16p . see also (jl.lSp below). For 
this end, we employ the classical "potential well" theory traced back to Sattinger [50] , 
To define our potential well PW, we need to know some variational properties of the 
ground state. We shall give the precise definition of PW in (jl.35p below. Anyway, 
our PW is divided into PW+ and PW^ according to the sign of the functional /C, i.e., 
PW+ = P W n[)C > 0], P W- = PW n [/C < 0] (see (fOTp . (fL38]l ). and the ground state 
belongs to PW+ D PW--. We shall show that any solution starting from exists 
globally in time and asymptotically behaves like a free solution in the distant future and 
past (see Theorem II. ip : in contrast, PW- gives rise to "singular" solutions (see Theorem 
II. 2p . Thus, the ground state shows at least two type of instability, since it belongs to 

In order to define our potential well PW, we shall investigate some properties of the 
ground states here. There are many literature concerning the elliptic equation (jl.l6p 
(see, e.g., [U \T9\ \37[ I51j). We know that if d > 2, there are infinitely many solutions 
(bound states) QJJ (n = 1, 2, . . .) such that 

SM) ■■= \ llVg^lli^ + I WQlWl^ - ^ WQZCl^ ^ oo (n ^ oo), (1.17) 

where the functional is called the action for (jl.l6p (see, e.g., [H [51]). The ground 
state Qo; is the least action solution to ()1.16p . more strongly, it satisfies that 

S^{Qu.) = inf [S^{Q) I Q G H\R'') \ {0}, /C(Q) = o} . (1.18) 
In the L^-supercritical case (p > 1 -|- |), it turns out that the ground state solves the 
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following variational problems (see Proposition 11.21 below) : 

iVi:=inf{||/|||, \fGHHR'')\{0}, /C(/) < o}, (1.19) 

N2 := inf {aA2(/) I / G H\R'') \ {0}, /C(/) < o}, (1.20) 

Ns := inf {l{f) I / G HHR'') \ {0}}, (1.21) 



where 



l|V/|li, + ll/ll?., (L22) 



Af!(/) := ll/llit'"*'''" IIV/lll?-"-' , (L23) 

ii/ie'-';-v/iir" . ,,,,, 



LP 



-1 



We remark that is positive and gives the best constant of the Gagliardo-Nirenberg 
inequality, i.e., 

Il/llitlx < for all / G H\R^) (1.25) 

(for the details, see [55] and the exposition by Tao [S]). A salient point of our approach 
to these variational problems (|1.19|) - p.21|) is that we consider them at the same time, 
which enables us to obtain some identities automatically (see (|1.32p and ()1.33p below). 
The first variational problem (jl.l9p is introduced to make our variational problems easy 
to solve. Indeed, all minimizing sequences for ()1.19p are bounded in ff^(M'^); In contrast, 
minimizing sequences in the other problems ()1.20p and ()1.2ip are not necessarily bounded 
m H^R"^), this fact comes from the invariance of the functionals /C, J\f2 and X under the 
scaling 

Q^Xt^QiX-), A > 0. (1.26) 

The variational values A^i, and N3 are closely related each other, as stated in the 
following: 

Proposition 1.1. Assume that d > 1 and 2 + | <p + l < 2*. Then, we have the 
following relations: 

^ V _ p A ^ f dip -I) I Kc^-^)- 



and 



^ 2(p+l) ' ^ 



The next proposition tells us that the variational problems (jl.l9p . ()1.20p and (jl.2ip 
have the same minimizer. 
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Proposition 1.2. Assume that d > I and 2 + ^ < p + 1 < 2*. Then, there exists a 
positive function Q in the Schwartz space S{W^), which is unique modulo translation and 
phase shift, such that 

Ni = \\Q\\l,, (1.29) 

N2=M2{Q), (1.30) 

Ns=I{Q), (1.31) 

/C(Q) = 0, (1.32) 



and Q solves the equation Iil.l6\) with u = 1. 

Remark 1.1. It is known that the function Q found in Proposition ]! .S\ has the following 
properties: 

(i) There exists y such that Q{x — y) is radially symmetric (see ]19^ )- 

(ii) Q is the ground state of the equation \1.16\) with ui = 1. Moreover, for all a; > 0, the 

]_ _ 1 

reseated function uj p-i(5(a;~2.) becomes the ground state of /11.16\) . and denoting this 
function by Q^, we easily verify that 

N2=M2iQu^), N3=I{Q^), /C(Q^) = foralloj>0. (1.34) 

Now, using the variational value N2, we define a "potential well" PW by 

PW = {fGH'\ {0} I nif) < Bif)} , (1.35) 

where 

4 

We divide PW into two components according to the sign of /C: 

PW+ = {f€PW\ /C(/) > 0} , (1.37) 

PW^ = {/ e PW I /C(/) < 0} . (1.38) 
It is worth while noting the following facts: 

1. and PW- are unbounded open sets in H^(M.'^): Indeed, one can easily verify 

2 

this fact by considering the scaled functions fx{x) := Xp-^ f{Xx) for / G H {M. ) 
and A > 0. 

2. PW = PW+ U PW- and PW+ n PW- = (see Lemma O) 



3. PWj^ and PW- are invariant under the flow defined by the equation (|1.1|) (see 
Proposition 12.51 and Proposition 12. 6p . 



5 



4. The ground state belongs to PW+ n PW^ and ^ PW+ U PW_ for all 
a; > 0, where PWj^ and PW- are the closures of PW+ and PW- in the H^- 
topology, respectively (see Theorem ll.3p . Moreover, the orbit under the action 

((0,oo) K R'^) X 5^ 

|A^e'^Q^(A(- - a)) X > 0, a eR"^, 9 e S^^ (1.39) 



is contained in PW+ Ci PW- . 

Here, the last fact above is the key to show the instability of the ground state. We will 
prove these facts in Section[51 among other properties of these sets PW, PW^ and PW-. 

For the later convenience, we prepare another expression of Besides the func- 

tional M2 and the variational value N2, we define a functional A2 and a number 
by 



M2{f) := WfC '^^^ Vnf?^' \ / G H^R'') with n{f) > 0, (1.40) 
and 

Then, it follows from ()1.30p and ()1.33p in Proposition 11.21 that 

N2=M2iQ). (1.42) 
We can easily verify that: if / E H^{R'^) with ^(/) > 0, then 

/ G PW if and only if 7V2(/) < N2. (1.43) 
Therefore, we have another expression of 

PW+ = {/ G H\R') I /C(/) > 0, M2if) < N2] . (1.44) 

Here, in order to consider the wave operators, we introduce a set which is a subset 
of PWj^ (see Remark \T7I[ (h) below): 

n:=[fe HHR'') \ {0} I M2if) < N2] . (1.45) 

Remark 1.2. (i) When p = 1 + ^, by (TJ^ and (TJJ^, the condition 7V2(/) < N2 = 
N2{Q) can he reduced to 

II/IIl2<IIQIIl2, 

since 



pii+lV dip -I) 



d 

2 



Hence, PW^ formally becomes in this L -critical case 

PW+ = {/ G H\R<') I n{f) > 0, 11/11^2 < wqWl.} 

= {feH\R'^)\{0}\ 11/11^. <||Q|L.}, 



(1.46) 
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where we have used the facts that IC = % (see and that ||/||^2 < HQ 11^2 implies 

that 7i{f) > (see \55\. \4^)- On the other hand, PW^ formally becomes 



PW- = {/ e H^{^'^) I n{f) < 0} , 



(1.47) 



since tC = % il.l^) again. It is well known that the solutions of U.l\) with p = 1 + 



with initial data from the set [T^JW exist globally in time (see 15 Sf). and the ones with 
data from (T^J^ blow up or grow up (see 146^ )- Thus, we may say that our potential 
wells PW+ and PW- in (1.37) and U.38\) are natural extensions of those in (Lj^ and 
[T4T\ ) to the case of2 + ^<p+l<2*. 

(ii) Since N2 < N2, we find by the definition of N2 (see il.20\) ) that $7 C PW+. 

Now, we are in a position to state our main results. When symbols with it appear in 
the following theorems and propositions, we always take both upper signs or both lower 
signs in the double signs. 

The first theorem below is concerned with the behavior of the solutions with initial 
data from 

Theorem 1.1 (Global existence and scattering). Assume that d > 1, 2 + | <p + l<2* 
and ipQ G PWj^. Then, the corresponding solution ip to the equation exists globally 

in time and has the following properties: 



(i) stays in PW+ for all time, and satisfies that 



inf /C(V'(i)) > 1 



N2 



^(V'o) > 0. 



(1.48) 



(ii) tp belongs to {R; (M.)) . In particular. 



sup\\vm\\h 



< 



d{p - 1) 
d{p - 1) - 4 



(1.49) 



Furthermore, 

(iii) There exist unique 



G Q and (/)_ G such that 



lim 



Hi 



lim 



Hi 



0. 



:i.5o) 



This formula defines the operators W^: ipQ 1— > (l)± = limt_j.±oo e~2 '0(*)- These op- 
erators become homeomorphisms from to ^l, so that we can define the scattering 
operator S := W7 from O into itself, where W- := (1^* 



-1 . 



n 



(1.51) 



I-)- 



Remark 1.3. (i) Theorem \l.l\ is an extension of the result by Duyckaerts, Holmer and 
Roudenko 1 16^ . See Notes and Comments below for the details. 

(ii) 0+ and (p- found in Theorem \l.l\ are called the asymptotic states at +00 and —00, 
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respectively. 

(iii) To prove the surjectivity ofW^, we need to construct so-called wave operators W± 
(see Section \'j.4^ . In fact, the operator (W*) is the inverse of the wave operator W+ 
(W-). According to the terminology of spectrum scattering theory for linear Schrddinger 
equation, we might say that is a set of scattering states. 

In contrast to the case of -PW^+, the solutions with initial data from PW^ become 
singular: 

Theorem 1.2 (Blowup or growup). Assume that d > 1, 2 + I < p + 1 < 2* andipo £ 
PW- . Then, the corresponding solution ip to the equation lll.l]) satisfies the followings: 

(i) ip stays PW- as long as it exists and satisfies that 

/C(^(t)) < - (fi(V'o) - < for all t £ (1.52) 

(ii) ip blows up in a finite time or grows up, that is, 

sup 11^(^)11^2= sup \\Vm\\L^=oo. (1.53) 

In particular, ifT^^^ = oo, then we have 

lim sup / \Vip{x,t)\'^ dx = oo forallR>0. (1.54) 

i^itoo J\x\>R 

Remark 1.4. (i) We do not know whether a solution growing up at infinity exists. 

(ii) We know (see J20^) that if tpo G H^(R'^) n L"^ {R'^ , \x\'^ dx) , then T^^^ < oo and the 
corresponding solution ip satisfies that 

lim 11^(^)11^2=00. 

'' max 

For the case tpo L^(]R'^, |xp(ix), see Theorem \1.6\ below (see also 148^)- 

Combining Theorems 11.11 and 11.21 we can show the instability of the ground states: 
Precisely; 

Theorem 1.3 (Instability of ground state). Let he the ground state of the equation 
U.16\} for oj > 0. Then, has two unstable directions in the sense that G PW+ D 
PW-. In particular, for any e > 0, there exist /+ G PW^ and /_ G PW- such that 



Remark 1.5. (i) An example of f± is =F \\q'^\\ Qi^' where both upper or both lower 
signs should be chosen in the double signs. 

(ii) The ground state also has an (orbitally) stable "direction" . Indeed, if we start 

with e"'^Q^ for "small" v G W^, then e*(''^-^^'*)et'^*Qa;(a; - vt) solves the equation Kl\) 
and stays in a neighborhood of the orbit of Q^^ under the action of M"' x 



{e^^Qa;(--a) I aGM"', ^G 5^}. 
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We state further properties of solutions. 

Theorem 1.4. Assume that d > 1 and 2 + ^<p+l<2*. Let i/j be a global solution to 
the equation with an initial datum in if^(M'^). Then, the following five conditions 

are equivalent: 

(i) Decay of L^^^ -norm: 

lim =0. (1.55) 

(ii) Decay of L'^ -norm: 

lim ||V'(i)||r, = for all q £ {2,2*). (1.56) 

(iii) Boundedness of the Strichartz norms: 
(1 — A)2'0 < oo for all admissible pair (q,r). (1-57) 

(iv) Boundedness of X -norm (see i3. 9\) for the definition of the space X): 

IIV'llx([0,oo)) < IIV'IIloo([o,oo);H1) < (1-58) 

(v) Existence of an asymptotic state at +00 .■ There exists (/)+ G H^{M.'^) such that 



lim 



1p{t) — 62 



tA, 



= 0. 

Hi 



A similar result holds for the negative time case. 



As a corollary of Theorem II. H with the help of Theorem 11.41 we obtain the following 
result: 

Corollary 1.5. PW+ U {0} is connected in the L'i(W^) -topology for all q £ (2,2*). 

If, for example, U {0} contains a neighborhood of in the L''-topology, then we 

can say that PW-^ is connected in the L'-topology, without adding {0}. However, for 
any e > 0, there is a function € H^(R.'^) such that /g ^ and II/eHlp+i = e, so 

that we need to add {0} in Corollary 11.51 above. On the other hand, we can verify that 
PW^ U {0} contains a sufficiently small ball in H^{M.'^) (clearly, PW^ does not contain 
0). However, we do not know that PW+ is connected in the i?^-topology. 

Next, we consider singular solutions. The following theorem tells us that solutions 
with radially symmetric data from PW- blow up in a finite time: 

Theorem 1.6 (Existence of blowup solution). Assume that d > 2, 2 + ^ <p+l < 2* , 
and p < 5 if d = 2. Let tpQ be a radially symmetric function in PW- and let tp be the 
corresponding solution to the equation iLl\) . Then, we have 

^max < °o and lim \\V 'tp{t)\\ = 00. (1.59) 

^ -i-^ max 

Furthermore, we have the followings: 

(i) For all m > 0, there exists a constant Rm > such that 

/ \tp{x,t)\'^ dx < m for all R > Rm and t G /max- (1.60) 
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(ii) For all sufficiently large R > 0, we have 



[ ^^\t+^ I \V^{x,t)\^dx\ dt < oo, (1.61) 

Jo \J\x\>R I 



r^^\T+,. -t)( I mx,t)\P+^dx] dt < oo. (1.62) 

Jo \J\x\>R / 



'0 \J|a;|>R 

(iii) For all sufficiently large R > 0, we have 







(T^max - mm\\Ui\x\>R) dt < OO, (1.63) 



T^ax ^(p+l) 
p-1 

LP+^{\x\>R) 



{TL. - mmWrlllar^^m dt < oo, (1.64) 



liminf(T+,, - t)\\m\\l^i\x\>R) = 0, (1-65) 



liniinf(r+,,-t) — ||V'(t)||i:;i(|,|>^) =0. (1.66) 

For the negative time case, the corresponding results to (ii) and (iii) hold valid. 

In Theorem 1 1.6t we require the condition p < 5 if d = 2, as well as Ogawa and Tsut- 
sumi [l8] . A difficulty in the case p > 5 with d = 2 might come from a kind of quantum 
forces such that the stronger the nonlinear effect becomes, the stronger the dispersion 
effect does. 

We do not know a lot of things about the asymptotic behavior of such singular 
solutions as found in Theorem 11.21 What we can say is the following (for simplicity, we 
state the forward time case only): 



Proposition 1.3 (Asymptotic profiles of singular solutions). Assume that d > 1 and 

4 
d 



2 + 4 <p + l <2*. Let if) he a solution to the equation such that 



limsup ||VV'(t)||L2 = limsup ||?/'(t)||j;^p+i = oo, (1-67) 



*- max 



and let {tnlneN be a sequence in [0, T^^^ such that 

limt„ = r+,,, \mn)\\Lr>+i= sup || V'(i) • (1-68) 

For this sequence {tn}, we put 

(p-i)(p+i) 

K = mtr,)\\^::r'-''\ (i.eo) 
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and consider the scaled functions 

Mx,t) ■■= \t~'^{XnX,tn-\lt), t£( , nGN. (1.70) 

Suppose that 



T+ —t t 

max '"n hT_ 

XI ' AH 



Then, there exists a subsequence of {ipn} (still denoted by the same symbol) with the 
following properties: There exist 

(i) a nontrivial function ^oo £ L°° {[0, oo); {R'^) D L^"^^ {R'^)) solving the equation lil.l]) 
in the D'([0, cx)); ^-^(M'^) + L^(M"'))-sense and 



in 



(ii) a sequence {jn\^ 
such that, putting ipnix,t) := ipn{x + ^n,t), we have, for any T > 0, 

lim = ipoo strongly in L°°([0,T]; LfiR'^)) for all q G [1,2*), 

n— >oo 

lim Vi^n = V^oo weakly* in L°°([0, T]; LfiR'^)) . 

n— >-oo 

Furthermore, for any e > 0, there exists R > such that, for = An7n? 

lim / |^(x,tJ|i(P-i)dx>(l-e)||^oo(0)||^!r"';,. (1.72) 

d(p-l) , 

Remark 1.6. The {R"") -norm is invariant under the scaling leaving the equation 

U.l\} invariant: Precisely, when ^ is a solution to U.l\) . putting 



^x{x, t) := V(Ax, A^t), A > 0, (1.73) 

we see that ip\ solves and satisfies that 

Uxm^i,,-.) = mm^iu.-^) foraUtGi-^, (1.74) 

d(p-l) , 

Proposition 11.31 tells us that the L 2 (M'')-norm of a singular solution concentrates 
at some point under the assumption ()1.7ip . In general, it is difficult to check whether 
the assumption (|1.71|) holds (cf. Merle and Raphael [55]). 

Without the assumption p.7ip . we have the following: 

Proposition 1.4. Under the same assumptions except ((i. 7i[ ), definitions and notation 
in Proposition ] 1. HA we define the "renormalized" functions by 

$^^(x, t) = i;n{x, t) - e5*^Vn(^, 0), n G N. (1.75) 

Then, for any T > 0, {<I>^^}„gN is a uniformly bounded sequence in C{[0,T]; H^{R'^)), 
and satisfies the following alternatives (i) and (ii) .• 
(i) // 

lim sup ||$^^(t)|| , =0, (1.76) 

then 

lim sup 



n— >oo 



t£[t„-\lT„t„] 



^(t)_ef(*-*n)A^(tJ =0. (1.77) 
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(ii) // 

limsup sup >0, (1.78) 

n-!>oo t6[0,r] ^ 

then there exists a subsequence of {$^^} (still denoted by the same symbol) with the 
following properties: There exist a nontrivial function <I> € L°°([0, oo); i7^(M'^)) and a 
sequence {vn} in I^"^ such that, putting $^^(x,t) = <&,^^(x + yn,i), we have 

lim$^^ = $ weakly* in L'^{[0,T];H^{R'^)). (1.79) 

n— >oo 

Here, ^ solves the following equation 

2i— + A^> = -F, (1.80) 

p+i , 

where F is the nontrivial function in L°°([0,oo);L p (M )) given by 

lim I V'nT'Vn = wea/c/y* m L°^([0,r];L^(R'^)). (1.81) 
Furthermore, for any e > 0, there exists R > such that 

[ V(x,t„ - XlT) - e-5^"^^V'(x,t„) > (1 - £) mT)\\%'l . 

J\x-Vr,.\<Xr,R L^^"^ ' 

(1.82) 



lim 



If the case (i) of Proposition 11.41 occurs, then we may say that the dynamics of the 
solution is composed of the free evolution and the dilation ()1.73p . On the other hand, in 

d(p-l) 

(ii), concentration of L 2 -mass occurs further. We remark that the left-hand side of 
(fr82]) is finite. 

Here, we discuss some relations between the previous works and our results: 
Notes and Comments. 

1. Our analysis in PW^ is inspired by the previous work by Duyckaerts, Holmer and 
Roudenko |161I23| (also Kenig and Merle [30]). They considered a typical nonlinear 
Schrodinger equation, the equation (jl.ip with d = p = 3, and proved, in jl6| . that: 
if ijjo e H'^{R^) satisfies that 

M{i;o)n^o) < M{Q)n{Q), UoWl^ W'^Ml^ < WQh^ W^Qh^ , (1-83) 

then the corresponding solution exists globally in time and has asymptotic states 
at ±00, where Q denotes the ground state of the equation (jl.l6p with u = 1. In our 
terminology, we see that the condition ()1.83p is equivalent to that ■00 £ PW+ U {0} 
via the variational problem for N2 (see (jl.20p ). In this paper, we intensively study 
the scattering problem on PW+, so that we have Theorem I l.H which is an extension 
of the result by Duycaerts et al [23] to all spatial dimensions d > 1 and L^- 
supercritical and ff^-subcritical powers 2-|-^ < p + 1 < 2*. Furthermore, we 
establish the so-called asymptotic completeness: the wave operators W± exists on 

and they are homeomorphisms from Q to PW+. 
For the nonlinear Klein-Gordon equation, the corresponding result to Theorem ll.il 
was obtained by Ibrahim, Masmoudi and Nakanishi 
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2. In order to prove PW+ being a set of scattering states, we basically employ the 
argument of Kenig and Merle [30]. In their argument, the Bahouri-Gerard type 
compactness pQ plays an important role: Duyckaerts et al [TB] also used such a 
compactness (the profile decomposition due to Keraani [31]). However, we employ 
the classical compactness device due to Brezis and Lieb [5] instead of that due to 
Bahouri and Gerard; The Brezis-Lieb type compactness device is also used to prove 
the existence of the ground states (see Section [F]), and to investigate the blowup 
solutions (see the proof of Proposition 1 1 . 41 in Section [5|). As long as we consider the 
//^-solutions, this classical compactness devise seems to be enough for our analysis. 

3. The decomposition scheme in Sections 14.21 (also the profile decomposition due to 
Bahouri-Gerard [T], Keraani [HT]) seems to be a kind of perturbation methods 
employed in quantum physics like a "Born type approximation scheme". 

4. In the course of the proof of Theorem 11.11 we encounter a "fake soliton" (critical 
element in the terminology of Kenig- Merle [30]). Then, we make a slightly different 
approach from Duyckaerts et al [16] to trace its motion (for details, see Section HT]1 . 
Moreover, our choice of function spaces is different from theirs |16| I23j (see Section 
13. ip . We are choosing our function spaces so that the generalized inhomogeneous 
Strichartz estimates due to Foshci [T7] work well there. 

5. In |23] (also in [23]), Holmer and Roudenko also considered the equation (jl.ip with 
d = p = 3 and proved that if ipo G H^{M.^) satisfies that 

tpQ is radially symmetric, (1-84) 

M{i;o)ni^o) < M{Q)n{Q), Uo\\l^ W'^Ml^ > WQh^ W^Qh^ , (1-85) 

then the corresponding solution blows up in a finite time. In our terminology, we 
see that the condition ()1.85p is equivalent to ■00 S PW- via the variational problem 
for A^2- Hence, Theorem 11.21 together with Theorem 11.61 is an extension of their 
result, in particular, to all spatial dimensions d > 1 and powers 2 + | < p + 1 < 2*. 

6. Our PW^ and PW- are naturally introduced by the potential well PW by ap- 
pealing to the variational structure of the ground states. We note again that the 
functional /C divides the PW into PW+ and PW-. Our potential well PW seems 
new. One may find a similarity between PW and the set of initial data given in 
Theorem 4.1 in Begout 0. However, the relevance is not clear. 

7. Stubbe [52] already introduced the condition (|1.83p and proved the global existence 
of the solutions with initial data satisfying it. He also conjectured that the condition 
is sharp in the sense that there exists an initial datum such that it does not satisfy 
the condition (|1.83p and leads to a solution blowing up in a finite time. Our result 
concerning PW- gives an affirmative answer to his conjecture. 

This paper is organized as follows. In Section [2l we discuss properties of the potential 
well PW. In Section [31 we introduce function spaces in which Strichartz type estimates 
work well. We also give a small date theory and a long time perturbation theory. Theo- 
rem 11.41 is proved here (see Section 13. 2p . In Section (JJ we give the proofs of Theorem 11.11 
and Corollary 11.51 Section [5] is devoted to the proofs of Theorem 11.21 Theorem 11.61 
Propositions 11.31 and 11.41 In Appendices El |Bl [Cl |D] and [E] are devoted to preliminaries 
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and auxiliary results. Finally, in Section|Fl we give the proofs of Propositions [TTT] and [L2l 



Notation. We summarize the notation used in this paper. 

We keep the letters d and p to denote the spatial dimension and the power of nonlin- 
earity of the equation respectively. 

N denotes the set of natural numbers, i.e., N = {1, 2, 3, . . .}. 

-^max denotes the maximal existence interval of the considering solution, which has 
the form 

-^max = (~^maxi ^max)' 

where T^^^ > is the maximal existence time for the future, and Tj^^x > is the one for 
the past. 

Functionals concerned with conservation laws for the equation (jl.ip are: the mass 

Mif) := ll/lli^ (see m), 

the Hamiltonian 

nf) ■■= iiv/iii. - ^ wfCl. (see m), 

and the momentum 

V{f) =: 9 / Vf{x)J{x)dx (see 
We also use the functional 

nf) ■■= iiv/iii. - 1^ wfCi (see my 

The symbol /C might stand for "Kamiltonian" (?). 

Functionals concerned with variational problems are the foUowings: 

■■= ^7(^ziy^ll^/lli^ + ll/lli^ (^«« (ra), 

^f2{f) := \\fC"'^'~'^ l|V/|||?-'^-' (see 

||.||P+l-f(P-l)||y.||f(P-l) 



Variational values concerned with these functionals are 



TVi :=inf{||/|||, I /G/7i(M^)\{0}, /C(/) < o} (see ([119])), 

N2 := inf [M2if) I / G H\R'') \ {0}, /C(/) < o} (see 

N3 := inf {X(/) I / G H\R^) \ {0}} (see dm])). 
We define our "potential well" by 

PW := {feH'\ {0} I n{f) < B{f)} (see 
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where 



d{p - 1) - 4 
d{p - 1) 



N2 



d{p-l)-4 



p+l-f(p-l) 



(see dm}). 



L2 



We put 



eo :=e(V'o)-^(V'o) 
We divide the set PW into two disjoint components: 

PW+ := {/ G PW^ I /C(/) > 0} 
PVF_ := {/ G Piy I /C(/) < 0} 
We can rewrite the set in the form 



(see (fL37D ). 
(see (fmi) ). 



where 



and 



No :-- 



/C(/) > 0, M2{f) < N2 



i(p-i)-2 



(see (fLiOjl ) 



'd(p- 1) -4 



-4(p-l)-2 



A^2 



(see (daH)). 



c?(p - 1) 

We need a subset of PW+ below to consider the wave operators: 



1 fjn>d.\ 



\{0} 



A/'2(/) < iV2 



(see (daSD). 



Sp stands for the critical regularity of our equation (jl.ip . i.e., 



3p .- 



2 p- 1 



(see ([321) ). 



We will fix a number qi G (p + 1, 2*) in Sections [3] and |H The number rg is chosen 
for the pair {qi,ro) being admissible, i.e., 



1 



dfl_]_ 



Furthermore, ri and ri are defined respectively by 



1 

ri 

1 



d fi 1 



2 V2 gi d 



d fl 1 



+ — 
2 V2 qi d 



A pair ((?2,'"2) is defined by 



1 



92 P - 1 



2 
91 



1-- , 



I 

r2 



d /I 1 



2 V2 92 d 
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For an interval /, we define the Strichartz type space X{I) by 

X{I) :=L^i(^;i^HlS'^))nL^2(/;L^^(M'^)) (see 

Besides, we define tfie usual Stricfiartz space S{I) by 

S{I) := L^{I;L\R^))nL'-'^{I;L^'(R'^)) (see (fXTOD V 

In order to show that the solutions starting from PW-^. have asymptotic states, we 
will introduce a set 

PW+{6) := {/ G PW+ I A/2(/) < (J} , (5 > (see gl])). 

We will also consider a variational value 

TVe := sup {5 > I V^o G PW+{6), MlxiR) < oo} 

= inf {5 > I 3^Po G PM^+(<5), llVllx(R) = oo} (see O), 

where ijj denotes the solution to (jl.ip with ^{0) = ipQ. 

If {Aq, II • ll^o) and {Ai, \\ ■ \\ai) are "compatible" normed vector spaces (see [6], p. 24.), 
then II • llAonAi denotes the norm of their intersection X OY, i.e., 

\\f\U^,r^A, ■■= max{||/|U^ , ||/|UJ for all fGAoHA,. 

The symbol (•, •) denotes the inner product of L^(R'^) = L^(R'^; C), i.e., 

if,g) ■■= [ f{x)Mdx, f,geL\M.''). 

C^(R'^) denotes the set of infinitely differentiable functions from M'^ — )■ C with com- 
pact supports. 

Using the Fourier transformation J^, we define differential operators |V|'^, (— A)2 and 
(1 - A)f , for s G M, by 

IVIV = (-A)f / := T-'m^mi (1 - A)t/ := -^-^[(1 + |CP)t-F[/]]. 

2 Potential well PW 

In this section, we shall discuss fundamental properties of the sets PW, PW- and PW^. 
In particular, we will prove that these sets are invariant under the flow defined by the 
equation (jl.ip (see Propositions 12.4 1 12.5l and l2.6p . Moreover, we prove Theorem 1 1 . 31 her e . 
We begin with the following fact: 

Lemma 2.1. The set PW does not contain any function f with JC{f) = 0, i.e., 

^feH\M.'^)\lC{f) = 0^nPW = i/}, (2.1) 

so that 

PW = PW+UPW-, PW+nPW-=$. (2.2) 
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Proof of Lemma \2.1\ Let / be a function in H^{W^) with /C(/) = 0. Then, the condition 
/C(/) = leads to that 

^(/) = ^^1^^ l|V/|li. . (2.3) 
Using (fO]) and the definitions of N2 (see (fOO]) ) and iV2 (see IfLiT]) ). we obtain that 

f(p-l)-2 



. (2-4) 

-\j d{p-l) 

Hence, it follows from (fTIH]) that / PVT. 

We immediately obtain ()2.2p from (|2.ip and the definitions of and PW- (see 

(fOTD and (fOHl) '). □ 

In the next lemma, we consider a path constructed from the ground state: 

Lemma 2.2. Let he the ground state of the equation m.l6\) for w > 0. We consider 
a path r^: [0,oo) — t- if^(M°') given by Ti^{s) = sQt^ for s > 0. Then, is continuous 
and satisfies that 

T^{s) G PW+ for all s G (0, 1), (2.5) 
T^{l) = Q^(^PW = PW+VJPW., (2.6) 



(2.7) 



T^{s)e[feH\^'')\'H{f)>Q]r\PW^ forallse(l, 

r.(s)G{/G/7i(M'^)\{0}|l^(/)<0}cPH^_ for all s^ |ffcl)|^,oo). 

(2.8) 

In particular, PW^ 7^ and PW+ 7^ 0. 

Proof of Lemma \2.2[ The continuity of F^^ : (0, 00) — t- H^{M.'^) is obvious from its defini- 
tion. We shall prove the properties (f23]) - (|T8]) . As stated in (|1.34p (see also (jl.lSp ). the 
ground state Qui satisfies that IC{Quj) = 0, which immediately yields that 

iivgjii. = |^iiQ.e-i.. (2.9) 

Using ()2.9p . we obtain that 

nrUs)) = s^(^l- ^^-l^c,P-i^ llVQ^Ili.. (2.10) 
This formula gives us that 

n{rUs)) > for ah s G (^0, {^}^^, (2.11) 



y-iXu^is)) < for ah s G 



d{p- 



i)}^-\oo]. (2.12) 
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Similarly, we can verify that 

/C(r^(s)) > for all s £ (0, 1), (2.13) 

/C(r^(l)) =/C(Q^) = 0, (2.14) 

/C(r^(s))<0 for all s G (l,oo). (2.15) 

Now, it follows from (f2J0]) and (fLMjl that 

M2{rUs)) = s^-' (l - -^^^f) k for an . G (o, {^}^^. 

(2.16) 

This relation (|2.16|) shows that 

f^2{rUs)) < J^2{rM)) = N2 for all (^0, (2.17) 

Hence, ()2.1ip and ()2.17p . with the help of ()1.43p . lead us to the conclusion that 

TUs) G PW for all s G (^0, j^fcll}^^ \ {1}. (2.18) 

Then, I^E) follows from (fZTSD . Moreover, ([231) follows from ([ZTTD and (fZTSD . The 
second claim (j2.6p is a direct consequence of (j2.14p and Lemma |2. 11 

It remains to prove Since B{f) > and /C(/) < ?^(/) for all / G H^R'^) \ {0}, 

we have a relation 

|/ G H\'E.'^) \ {0} I nif) < 0} C PVF_. (2.19) 

Then, (plSj) immediately follows from ([21^ and this relation ([239]) . □ 

Now, we are in a position to prove Theorem II. 3[ 

Proof of Theorem \1.3[ We consider the path given in Lemma 12.21 Then, (|2.5p and 
the continuity of yield that 

T^{s)£PW+ for ah s G (0,1), limr^(s) = r^(l) = strongly in ^^(M'^). 

(2.20) 

Hence, we have Q^u G PW+. Similarly, ()2.7p and the continuity of show that Q^i G 
PWI. □ 

We find from the following lemma that PW+ has a "foliate structure" . 

Lemma 2.3. For all rj G (0, A'^2) o,''^d a > 0, there exists f G PW+ such that N2{f) = f] 
O'nd 11/11^2 = a. 

Proof of Lemma \2.3[ We construct a desired function from the continuous path : [0, 00) 
H^(M.'^) {uj > 0) given in Lemma 12.21 Let us remind you that 

^Us) G PW+ for all s G (0, 1), (2.21) 
M2{TUs))=sP'^i^l-^^^—^sP-'j N2 for ah sG (0,1), (2.22) 

A/2(r^(o)) = 0, M2{rM)) = N2 (2.23) 
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(see ()2.16p for ()2.22p ). Using (|2.22p . we find that M2(Xi^{s)) is continuous and monotone 
increasing with respect to s on [0,1]. Hence, the intermediate value theorem, together 
with (|2.23p . shows that for any r] G (0, A^2); there exists Srj G (0, 1) such that M2{Tui{sn)) = 
7]. Moreover, (|2.2ip gives us that r^(s,;) E PW+. We put / = T^{sri) and consider the 

2 

scaled function fx := Xp~^ fi^') for A > 0. Then, it is easy to see that 
/aGPVF+, A/2(/A)=A/2(/) = r?, ||/a|Il2 = A-'^^^F^ 11/11^2 for ah A > 0. (2.24) 

2(p-l) 

Hence, for any a > 0, fx with A = ^ ^^'^||,^^ ^ " is what we want. □ 

Finally, we give the invariance results of the sets PW, PW+ and PW^ under the flow 
defined by the equation (jl.ip : 

Lemma 2.4 (Invariance of PW). Let tpQ G PW and tp he the corresponding solution to 
the equation M.l\) . Then, we have that 

ij{t) G PW for all t £ 

Proof of Lemma \2.4\ This lemma immediately follows from the mass and energy conser- 
vation laws (|1.5p and (|1.6p . □ 

Proposition 2.5 (Invariance of PW+). Let ipQ G PW^ and ip he the corresponding 
solution to the equation Then, ip exists glohally in time and satisfies the followings: 

tpit) G PW+ for all t G M, (2.25) 

/C(V'(t)) > (^^- ^^^^ niiJo) for all t G M. (2.27) 

Proof of Proposition \2.5[ We first prove the invariance of PW^ under the fiow defined 
by (|l.ip . With the help of Lemma 12. 4| it suffices to show that 

/C(^(t)) > for ah t G /max- (2.28) 

Supposing the contrary that ()2.28p fails, we can take to £ /max such that 

/C(V(to)) = 0. (2.29) 

Then, ()2.29p and the energy conservation law ()1.6p yield that 

= /C(V(to)) 

= n^to)) - ^ - 1) - l} mo)Cl. ^2.30) 



Wo)-^-^{^(p-l)-l}|^l|V^(.o)||i2. 
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Since ipo £ PW+ C PW, we have ^(-^o) < B{il;o). This inequahty and ()2.30p lead us to 
that 

d{p - 1) 

which is equivalent to 



< ^(^o) - -^^^JTZ-^mmih, (2.31) 



Dividing the both sides of ()2.32p by ||V'i/' (to) 11/^2, we obtain that 

' < ( W)) ■ <^-^^> 

On the other hand, ()2.29p . together with the definition of A''2, leads us to that A/'2(V'(io)) ^ 
A''2, so that 

4 

\ d{p-l)-4 



4 

ti(p-l)-4 



This inequality ([231) contradicts (iOSl) . Thus, ([2:28]) must hold. 

Once we obtain ([2.28p . we can easily obtain the following uniform bound: 

,2 ^ rf(p - 1) 

d(p - 1) - 4 

Indeed, it follows from the energy conservation law ([1.6p and ([2.28p that 

2 

p + 1 



l|VV'(t)|li2 < ^ , 1^(^o) for ah t G /„,ax. (2.35) 



>^^|^^Yy^l|V^(t)||i2 forantGl„ 



(2.36) 



The estimate ([2.35p , together with the sufficient condition for the blowup ([1.4p , leads 
us to that /max = Heucc, ([2:25]) and (ITM]) follow from ([2:28]) and ([235]) . respectively. 
It remains to prove ([2.27p . The Gagliardo-Nirenberg inequality ([1.25p gives us that 

|2 d{p - 1) ||^,,^^^||p+i 

2(P+1) ^ ^ 

(2.37) 

- - |^i^-^2(v(t)) iiv^(oiii2 



Moreover, this inequality ([2.37p and the relation N3 = 2U,+rj ^2 (see ([1.28p ) yield that 



2(p+l)' 

,2 AA2(^(t))„„,,^,„2 



/C(V'(0) > l|V^(t)||i2 - -^f^ l|VV(t)|li2 . (2.38) 



Here, it follows from (|2.26p that 



d 



(p-l)-2 



d{p - 1) 1,^, ||P+l-f(p-l) /T7zrTf(p-i)-2 
d{p - 1) - 4 



(2-39) 



c?(p - 1) 
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Hence, combining ([238]), (|2:M]) and niipit)) > /C(V'(i)) > 0, we obtain that 



d 



(p-l)-2 



= (^l-^jl|VV'Wlli. (2.40) 

□ 

Proposition 2.6 (Invariance of PW-). Let ipQ G PW^ and ip he the corresponding 
solution to the equation Then, we have 

^(t) G PW-, /C(^(t)) < -eo for all t G (2.41) 

where Eq = BIiIjq) - 'H{'4'o) > 0. 

Proof of Proposition \2.6[ By the virtue of Lemma 12. 4| it suffices to show that 

/C(V(0) < -So for ah t G (2.42) 

We first prove that 

/C(^o) < -eo- (2.43) 
Supposing the contrary that —eq < /C(V'o)) we have 

< /C(Vo) + eo 



^^(V'o) + eo - ^ {^(P - 1) - l} UoCl. 

Bii^o)-^[-^{p-i)-i]m\itl.- 



Moreover, it follows from ()2.44p and IC{ipo) < that 

< B{^o) - ^ |^(p - 1) - ll ^r^llVV'o 



so that 



Dividing the both sides of (|2.46|) by ||VV'o||^2) we obtain that 



(2.44) 



(2.45) 
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On the other hand, since fC{tp{)) < 0, the definition of N2 (see ()1.20p ) imphes that 

< 1, (2.48) 



A/2(V'0 



which contradicts (|2.47p . Hence, we have proved (|2.43p . 

Next, we prove ()2.42p . Suppose the contrary that ()2.42p fails. Then, it follows from 
([2:13]) and G C {Imi,^; {R"^)) that there exists ti G /max \ {0} such that -eq = 
IC{'ip{ti)). This relation and the energy conservation law ()1.6p lead us to that 



= C(i/.(ti)) + eo 



p + 1 \r 



d (p-l)- 4„^ ,^^^ ^,,2 
d{p - 1) 



<g(^o)- \, m{ti)\\h- 



Hence, we have that 



d(p-l)-4 



N2 



d(p-l)-4 



N||P+l-f(P-l) 



(2.49) 



(2.50) 



where we have used the mass conservation law (|1.5p to derive the last equality. Then, an 
argument similar to the above yields a contradiction: Thus, we completed the proof. □ 



3 Strichartz type estimate and scattering 

In this section, we introduce a certain space-time function space in addition to the usual 
Strichartz spaces, which enable us to control long-time behavior of solutions. Using this 
function space, we prepare two important propositions: Proposition 13.71 in Section 13.21 
(small data theory) and Proposition 13.81 in Section [3.31 (long time perturbation theory). 
The former is used to avoid the vanishing and the latter to avoid the dichotomy in our 
concentration compactness like argument in Section 14.21 In the end of this section, we 
show the existence of the wave operators on PW^. 



3.1 Auxiliary function space X 

In order to prove the scattering result ( ()1.50p in Theorem II. ip . we need to handle the 
inhomogeneous term of the integral equation associated with (jl.ip in a suitable function 
space. Therefore, we will prepare a function space X{I), / C M, in which Strichartz type 
estimate works well. 
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Our equation (jl.ip is invariant under the scaling 

ijj{x, t) ^ VaIx, t) := A^V(Ax, X^t), (3.1) 
which determines a critical regularity 

d 2 , , 

— , (3.2) 

The condition (jl.2p implies that < Sp < 1. 

Throughout this paper, we fix a number qi with p + 1 < qi < 2* . Then, we define 
indices ro, ri and n by 

(3.3) 
(3.4) 



(3.5) 

Here, the pair ((/i,ro) is admissible. Besides these indices, we define a pair {q2,r2) by 
p-1 2 I _d (I 1 Sp 



1 










ro 








y 


1 






1 


Sp 






V2 


91 


~ ~d 


1 






1 


Sp 






V2 


Qi 


d 



1--' -^=i 9---T ■ (3-6) 

92 91 ^^2 2 V2 92 a ' 



It is worth while noting that the Sobolev embedding and the Strichartz estimate lead us 
to the following estimate: For any pair ((7, r) satisfying 



^{p-l)<q<2\ 



1 d fl 1 



2 V 2 



d 



we have 



< 



{-A)-f for all / G H'r'iM.'^) and interval /, 



(3.7) 



(3.8) 



L''(/;L'J) 

where the implicit constant depends only on d, p and q. The pairs (91,^1) and {q2,r2) 
satisfy the condition (|3.7p . so that the estimate (|3.8p is valid for these pairs. 
Now, for any interval /, we put 

X{I)=U^{I-L'i^)r\U\I-L'i^), (3.9) 

S{I) = L'^{I;L^-)nL'-"{I;Li^). (3.10) 
We find that Strichartz type estimates work well in the space X{I): 

Lemma 3.1. Assume that d> 1 and 2 + | < p+1 < 2* . Let to G IK o-nd I he an interval 
whose closure contains to- Then, we have 



to 



X(I) 



~ II IIl'"i{7;L''i) ' 



5*(*-*')^ {V^V2) (tO dt' 



to 



< 



X(I) 



l^l|lLn(7;L,i)ll^2||^_:2^^^^^^^ 



(3.11) 
(3.12) 



where the implicit constants depend only on d, p and qi. 
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Figure 1: Strichartz type estimates: Qo : {-^,:p^),Qi ■ {ji,^),Q2 ■ (^,7^),<9i : ^ 



The estimate ()3.1ip in Lemma 13.11 is due to Foschi (see [17| . Theorem 1.4). The 
estimate (j3.12p is an immediate consequence of (|3.11|) and the Holder inequahty. 

The following lemma is frequently used in the next section (Section H]); It is funda- 
mental and easily obtained from the Holder inequality and the chain rule: 

Lemma 3.2. Assume that d> 1 and 2+^ < p + 1 < 2*. Let to ^M. and I be an interval 
whose closure contains to. Then, we have 



H^l^ ^'"\\l'-'o(I-L''i) - \\^\\L-o{l;Ln)M\L-2(i-Li2)^ 



(3.13) 
(3.14) 



lL''0(/;L«l) ~ 

where the implicit constant depends only on d, p and qi. 

We also need the following interpolation estimate in the next section (Section 14. 2p : 
Lemma 3.3. For j G {1,2}, there exist a constant 9j £ (0, 1) such that 

1 



e-2^^f 



< 



L''i{I;Ly) 



e-2^^f 



A)^/ for all f e H'p{]i 



L2 



L°°(/;L7(P-l)) 

where the implicit constant depends only on d, p and qi. 

Proof of Lemma \3.3[ Fix a pair ((/, r) satisfying ()3.7p and qi < q < 2* . Applying the 
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Holder inequality first and ()3.8p afterword, we obtain that 



L''o{I-L'>J) 



< 



< 



ioo(/.i^(p-l)) 



L^(I;Li) 



(3.15) 



where 



ioo(/.i3(p-l)) 

^ g 2gj - - 1) 
9i 2g - d{p - 1) 



L2 



i = i,2 



and the implicit constant depends only on d, p and gi (we may ignore the dependence of 



□ 



At the end of this subsection, we record a decay estimate for the free solution: 
Lemma 3.4. Assume that d > 1. Then, we have 

for all q G (2, 2*) and f G ^^(M'^). 



lim 



L9 



(3.16) 



Proof of Lemma \3.1(A This lemma is easily follows from the L^-L'^-estimate for the free 
solution and the density of the Schwartz space 5(M'^) in H^{W^). □ 

3.2 Sufficient conditions for scattering 

We shall give two sufficient conditions for solutions to have asymptotic states in the 
energy space H^{W^). One of them is the small data theory (see Proposition 13.71 and 
Remark 13. ip . We also give the proof of Proposition 11.41 here. 
We begin with the following proposition: 

Proposition 3.5 (Scattering in the energy space). Assume that d > \ and 2 + | < 
p + 1 < 2*. Let be a solution to the equation IIL1\) . 
(i) Suppose that tjj exists on [0, oo) and satisfies that 

(3.17) 



(3.18) 



lx([0,oo)) < II'^IIloo([o,oo);H1) < 

Then, there exists a unique asymptotic state 0+ G H^iJR.'^) such that 



lim 

t— >oo 
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0. 



X((-oo,0]) < lFllL-((-oo,0];i?l) < 



(ii) Suppose that ip exists on (— oo,0] and satisfies that 



Then, there exists a unique asymptotic state (j)^ G //^(M'^) such that 



lim 
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tA, 



0. 



(3.19) 



(3.20) 



For the proof of Proposition 13. 5[ we need the following lemma. 
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Lemma 3.6. Assume that d> 1 and 2 + | < p + 1 < 2* . Let I be an interval and be 
a solution to the equation il.l]) on I. Suppose that 



X{I) < oo, 



L°°(r,H^) 



.f/n < oo. 



(3.21) 



Then, we have that 



(1 - Apijj 



sii) 



< oo. 



Proof of Lemma \3. 61 For the desired result, it suffices to show that 

(l-A)^'i/' < oo 



for all pair (q, r) with qi < q < 2* and - 



L'-{I:Li) 

— i ( 1 - I 
2 I 2 q 



(3.22) 



{{q,r) is an admissible pair). 



Indeed, the Holder inequality, together with (j3.2ip and (|3.22|) . gives us that 



(1 - A)2ip 



L'-O (/;L9i) 



[I - A)2'0 



'3i{g-2) 



< OO. 



We shall prove (j3.22p . Let J be a subinterval of / with the property that 

(1-A)3W) < oo. 



(3.23) 



(3.24) 



Then, applying the Strichartz estimate to the integral equation associated with (jl.ip . we 
obtain that 



(1 - A)2if; 



< 



L^{J;Li) 



mto)\\H^+ (i-A)^i^rv) 



L'''o{J;L<) ' 



(3.25) 



where the implicit constant depends only on d, p, qi and q. Moreover, it follows from 
Lemma 13.21 and the Holder inequality that 



(1 - A)2tl, 



< 



L^{J;Li) 



mto)\\m+ (1-A)2V. 



p-i 



< 



1-e 

L°°{J;m) 



(1 - A)2^l; 



L^{J;Li) 



p-1 
X(J) 



(3.26) 



where 



q{qi - 2) 



G(0,1) 



91(9-2) 

and the implicit constant depends only on d, p, qi and q. This estimate ()3.26p and the 
Young inequality show that 



(1 - A)2V^ 



< 



+ 



L°°{I;H^) \\V\\X(I) 



p-i 

1-9 



(3.27) 



where the implicit constant depends only on d, p, qi and q. Since the right-hand side of 
p.27p is independent of J, the condition (j3.2ip leads us to (|3.22p . □ 



Now, we give the proof of Proposition 13.51 
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Proof of Proposition \3. 5l Since the proofs of (i) and (ii) are very similar, we consider 
(i) only. A starting point is the following formula derived from the integral equation 
associated to p.ip : 



e-5*^V(i) 



e 2 



sA 



--t'A 

e 



p-i 



if) {t')dt' for all s, t G [0, 



oo 



(3.28) 



Applying the Strichartz estimate and Lemma 13.21 to this formula, we obtain that 



e 2 



tA 



e 2 



sA 



< 



sup 

s'e[s,i] 



p-i 



ip) {t')dt' 



< 



< 



(i-A)^i^rV) 



(3.29) 



(1 - a)2Vj 



S([0,oo)) 



L'-0([s,t];L«i) 



p-1 
X{[s,t]) 



where the implicit constant depends only on d, p and qi. Then, it follows from Lemma 
13.61 and the condition (|3.17p that the right-hand side of (|3.29|) vanishes as s,t — )■ oo, so 
that the completeness of H^{M.'^) leads us to that there exists cf)^ € H^{M.'^) such that 



lim 
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tA, 



lim 

i— s>oo 



0. 



(3.30) 



To complete the proof, we shall show the uniqueness of a function (/>_)_ satisfying (|3.3 
Let (pj^ and be functions in H^{W^) satisfying ()3.30p . Then, we easily verify that 



\4>+ - 0'+! 



< 



+ 



Hence, taking t — )• oo, we have by (|3.30p that 



= 6' in 



for ah t > 0. 



(3.31) 
□ 



The following proposition gives us another sufficient condition for the boundedness 
of X{I) and S'(/)-norms. 

Proposition 3.7 (Small data theory). Assume that d > 1 and 2 + 1 <p + l < 2*. 

Let to € M and I be an interval whose closure contains to- Then, there exists a positive 
constant 5, depending only on d, p and qi, with the following property: for any ipQ G 
H^{R'^) satisfying that 
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(t-to)A 



X{I) 



< 6, 



(3.32) 



there exists a unique solution tp G C{I; H^{]R.'^)) to the equation with V'(*o) = V'o 

such that 



X{I) 



< 2 
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(i-io)A 



Xil) 



(1 - A)2Vj 



< 



5(7) 



(3.33) 



where the implicit constant depends only on d, p and qi . 



Remark 3.1. Proposition \3.7[ with the help of i3. 8\) and Proposition \3.5l shows a small 
data scattering, i.e., there exists e > such that for any tpQ G H^(\R.'^) with \\ipo\\fji < £, 
the corresponding solution has an asymptotic state in H^(K'^). For: It follows from i3.8\) 



that there exists e > such that i/ llV'oll/fi < then 62 
in Proposition \3. 7| This fact, together with Proposition 



(t-to)A 



X( 



< 5 for 6 found 



yields the desired result. 
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Proof of Proposition 3.1. We prove this lemma by the standard contraction mapping 
principle. 

It follows from the Strichartz estimate that there exists a constant Cq > 0, depending 
only on d, -p and gi, such that 



e5*^/ ^^^< Co 11/11^2 forall/GL2(M'^) 



Using this constant, we define a set 1^(1) and a metric p there by 



(3.34) 



y(/) := 



u G C(/;//i(M'^)) 



;i - A)^u 



5(7) 



X(7) 

<2Co||^o|Ihi 



and 



(3.35) 



(3.36) 



p(u, t;) = ll-u - f ||x(/)n5(/) ' ^ e ^W- 

We can verify that {Y(l\p) is a complete metric space. Moreover, we define a map T 
on this space by 



r(n) := e5(*-*o)^Vo + ^ / e5(*-*')^|tx(t')r-^(iO fit', n G y(/). 



to 



Now, let 5 > be a constant to be specified later, and suppose that 



so that 
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\X{1) 



X{I) 



<5, 



< 25 for ah u £ Y{I). 



(3.37) 



(3.38) 



(3.39) 



We shall show that T maps Y{I) into itself for sufficiently small 6 > 0. Take any 
u e Y{I). Then, we have T{u) G C {P, H'^ {R'^)) (see [27]). Moreover, Lemma O and 
(ICTjl yield that 



\\rin)\\ 



X{I) 



< 



< 
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(t-to)A 



^0 



Xil) 



X(7) 



(t-to)A 



^0 



+ 2PC7i5P-i 
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(t-to)A 



■00 



(3.40) 



for some constant Ci > depending only on d, p and qi. Hence, if we take 6 so small 
that 

2PCi6P'^ < 1, (3.41) 



then 



lir(n)|| 



Xil) 



< 2 
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|(t-to)A 



A 



X{I) 



(3.42) 



On the other hand, it follows from the Strichartz estimate and Lemma 13.21 that 



{l-A)2T{u) 



Sil) 



\m\\H 



1+C2 



(1 - A)2u 



S{I) 



\u 



IP-1 

\X{I) 



(3.43) 
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for some constant C2 > depending only on d, p and qi. If S satisfies that 

2^026^-^ < 1, (3.44) 

then we have from ()3.43p that 

{l-A)Hiu) <2Com\H^- (3-45) 

Tlius, if we take 6 satisfying ()3.4ip and (j3.44p . then T becomes a self-map on Y(I). 

Next, we shall show that T is a contraction map on (Y(I), p) for sufficiently small 5. 
Lemma [3TT| together with (|D.2p and ()3.39p . gives us that 



\\nu)-Tiv)\\^^j^ 



< 



62 



(t-t')A 



IP-l 



ur u — \vr V 



to 



') {t')dt' 



X(I) 



< C3 ( \\u\\xi) + ll^llx(l) 



\u — v\ 



X{I) 



(3.46) 



\u — v\ 



X(I) 



for ah u,v e Y{I), 



where C3 is some positive constant depending only on d, p and qi. Similarly, we have by 
Lemma 13.21 that 

\\r{n) - r(^)||s(,) < 2PC,6P-' \\n - v\\s(^j^ (3.47) 

for some constant C4 > depending only on d, p and qi. Hence, we find that T 
becomes a contraction map in (Y{I),p) for sufficiently small 6. Then, the contraction 
mapping principle shows that there exists a solution ijj G Y{I) to the equation (jl.ip with 
V'(to) = "00) which, together with the uniqueness of solutions in C{r, H^{M.'^)) (see [25]). 
completes the proof. □ 

At the end of this subsection, we give the proof of Proposition 11.41 

Proof of Theorem \1.4\ Let ip he a global solution to (jl.ip with an initial datum -00 G 
H^{R'^) at t = 0. 

We shall prove that (i) implies (ii): Suppose that (i) holds. We first show the uniform 
boundedness: 

(3.48) 



sup 

te[o,oo) 



fji < 00. 



The condition (i) yields that 



sup 

t>T 



LP- 



-1 < 1 for some T > 0. 



(3.49) 



Combining this with the energy conservation law ()1.6p . we obtain that 

wvmwl^ = nm) - wmd < n^o) + 1 for an t > t. 



(3.50) 



Hence, this estimate and the mass conservation law (jl.Sp give (|3.48p . 

Now, we shall prove (ii). We employ the Holder inequality and the Sobolev embedding 
to obtain that 



LI ^ 



1-0 



^1 for ah t G [0, co) and qe {p+l, 2*), 



(3.51) 
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where is some constant in (0, 1), and the imphcit constant is independent of t. Hence, 
the condition (i), together with ()3.48p . shows that 

hm \\ipit)\\r, = for all q G {p+1,2*). (3.52) 



On the other hand, we have by the Holder inequality and the mass conservation law (|1.5p 
that 

^ (q-2)(p+l) (q-2)(p+l) 

hm < ||Vo|li2 lim =0 forangG(2,p+l). (3.53) 



We shall prove (ii) implies (Hi): We introduce a number r2,o such that ((72, '''2,0) is ad- 
missible, i.e., 

' (3.54) 



(3.55) 



r2,o 2 \2 92, 
where q2 is the number defined in (j3.6p . Then, we have that 



2 < ^2,0 < r2 < 00 



for r2 defined in ()3.6p . Moreover, we define a number by = 2* if d > 3 and 
Qe = 2gi(> 92) if d = 1, 2, and a space S{I) by 



5(7) = Pi U\I-L'') for an interval /. 



(3.56) 



{q,r): admissible 
2<q<qe 



Then, it follows from the Strichartz estimate and Lemma 13.21 that 
(1 - A)5-0 



< 



S{[to,ti)) 

mto)\\H.+ (i-A)i|^rv 



L°°([0,oo);Hi) 



(1 - A)2^/j 



- — - (r2—T2 0) 

< II'^IIl-([0,oo);H1) + SUp||V(i)llL92 
t>to 



L'-o([to,ii);i''i) 
(1 - 



p-i 



■o([to,ti);L''i)"'^"^''''''([*0'*i)'^'^) 



< 



L-([0,oo);Hl) + sup Uit)\\L^l ^ ' ''"^ 
i>io 



(1 - A)2'0 



1+^-2,0 



(3.57) 



where the implicit constant is independent of to and ti. Note here that since the condition 
(ii) includes (i), we have that ||'0l|L°°([o,oo);/i'i) < 00 (see ()3.48p above). Hence, the 
estimate p.57p . together with the condition (ii), shows that 



;i - A)2'0 

so that (iii) holds. 



5([to,+oo)) 



< 00 for all sufficiently large to > 0, 



(3.58) 
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We shall prove that fiii) implies (iv): The estimate ()3.8p immediately gives us the desired 
result. 



We shall prove that (iv) implies (v): This follows from Proposition 13.5 



We shall prove that (v) implies (i): We define r by 

1 _ d /I 1 

r~ 2 



(3.59) 



.2 

so that (p + 1, r) is an admissible pair. Then, the Strichartz estimate yields that 

<H+\\l^, (3.60) 



L'-(R;LP+i) 

where the implicit constant depends only on d and p. Hence, we have that 

0. 



lim inf 



-fA 

e-^ c 



LP+i 



(3.61) 



Moreover, it follows from the existence of an asymptotic state 0+ and (|3.6ip that 



lim inf 

t— >oo 



1 < lim 



e^^4>^ 



+ lim inf 



-fA 



Using the existence of an asymptotic state again, we also obtain that 



lim \\Vm\\ 



L2 



lim 



Ve-t*^'i/'(i) 



L2 



l|V</.H 



IL2 



This formula (|3.63p and the energy conservation law (|1.6p lead us to that 



lim 

t—>-oo 



p+1 



p + \n{m) + ^\\^<P+\\l2 



0. (3.62) 
(3.63) 

(3.64) 



In particular, lim 



t—^co 



2 " 2 

^^+1 exists. Hence, the desired result (i) follows from ()3.62p . □ 



3.3 Long time perturbation theory 

We will employ the so-called "Born type approximation" to prove that the solutions 
starting from PW+ have asymptotic states (see Section H]) . The following proposition 
plays a crucial role there. 

Proposition 3.8 (Long time perturbation theory). Assume that d > 1 and 2 + | < 
p + 1 < 2*. Then, for any A > 1, there exists e > 0, depending only on A, d, p and qi, 
such that the following holds: Let I he an interval, and u he a function in C{I\H^{W^)) 
such that 



Mx{i) < A 

\2idtu + An + |n|P"^n| 



< e. 



If ^ ^ C{M.;H^) is a glohal solution to the equation H.l]) and satisfies that 



.5(*-*i)^(^(ti)-n(ti)) 



X(I) 



< £ for some ti S /, 



then we have 

where the implicit constant depends only on d, p, qi and A. 



x(i) ^ 1' 



(3.65) 
(3.66) 

(3.67) 
(3.68) 
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Remark 3.2. We can find from the proof below that Proposition \3.8\ still holds valid if 
we replace ip with a function ijj € C(M; H^{W^)) satisfying that 



2idt^ + + 



iP-i 



(3.69) 



Proof of Proposition \3.8[ Let n be a function in C{I; H^{R'^) satisfying HJMh and (IHTHHI) 
for e > to be chosen later. Moreover, let ■0 be a global solution to the equation (jl.ip 
satisfying ()3.67p . 

For simplicity, we suppose that I = [ti,oo) in what follows. The other cases are 
treated in a way similar to this case. 

We have from the condition ()3.65p that: for any 6 > 0, there exist disjoint intervals 
Ii, . . . ,In, with a form Ij = [tj,tj^i) (tAr+i = oo), such that 



and 



N 

< 5 for all J = 1, , 



where is some number depending only on S, A, d, p and qi. 
We put 

w := ip — u, e := 2idtu + Au + \u\^~^u, 

Then, w satisfies that 

2idtw + Aw + \w + u\P~^{w + u) - \u\^~^u + e = 0, 
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{t-ti)A 



w{ti 



X(I) 



< e. 



We consider the integral equations associated with (|3.73p : 



w{t) = ei(*-*^)^u;(t,) + ^ / ei(*-*')^l^(t') dt' , j = 1, . . . , TV, 

2 Jti 



where 



W 



w + uf ^{w + u) — \uf ^u — e 



(3.70) 
(3.71) 
(3.72) 

(3.73) 
(3.74) 

(3.75) 
(3.76) 



It follows from the inhomogeneous Strichartz estimate (j3.1ip . the elementary inequality 
(|D.2p and the Holder inequality that 



M'-'')^W{t')dt' 



(3.77) 



+ ll^llL^i(fe,t^.);L'''i)} all j = 1, . . . ,iV and t'- G 
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where S is some constant depending only on d, p and qi. Hence, combining this estimate 
with (I3.66P and ()3.7ip . we obtain that 



M\x{[t„tr)) 



< 



(3.78) 



for all j = 1, . . . , and t'j G Ij. 



Now, we fix a constant 5 such that 

6 < 



1 



1 



4(1 + 26), 

so that the number N is also fixed. Then, we shall show that 

et(*-*^)^w;(ij) < (1 + 2^e)e for all j = 1 



\w\ 



X(I) 



X(I,) 



, . . . , J. » , 



iV, 



(3.79) 

(3.80) 
(3.81) 

4(i + 2^+ie)py ■ ^^'^^^ 

We first consider the case j = 1- The estimate (|3.8U|) for j = 1 obviously follows from 
(imH . We put 



< (1 + e for ah j = 1 



, . . . , J. T , 



provided that 



e < 



1 

p-i 



ti = sup ih < t < t2 \ \\w\ 



X{[tut]) 



<(! + 



4e)e} . 



(3.83) 



Then, the estimate p.78p . together with ()3.74p . shows that ti > ti. Supposing the 
contrary that ti < t2, we have from the continuity of w that 



\Mxi[tuh]) = (i + 4e)e. 

However, (|3.78p . together with (|3.8Up with j = 1 and (|3.84p . leads us to that 
\H\xi[tuh]) < (1 + 26) 6 + e {6P-\l + 4e)e + (1 + 46)%^ + e} 
< e + Aee. 



(3.84) 



(3.85) 



This contradicts ()3.84p . Thus, it must hold that ti = t2 and therefore ()3.8ip holds for 

i = 1- 

We shall prove the general case j = n {2 < n < N), provided that both (|3.8Up and 
(Km hold for ah j = 1, . . . , n - 1. 

Multiplying the integral equation (|3.75p with j = n and t = by e 2 we obtain 

that 

ei(*-*")^u;(t„) = e5(*-*"-)^^x;(t„„i) + / e^^^'-'^\j„_,{t')W{t') dt' , (3.86) 



2 Jtn-l 

where Xi„-i is the characteristic function on In-i- Then, the same estimate as (j3.78p 
yields that 
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(t-tn)A 



X{I) 



< 



X{I) 



+ '^{^'^'\Mx(i„_,) + \Hfxii^_,)+e] 



(3.87) 
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for the same constant C found in ()3.78p . This estimate, together with the inductive 
hypothesis, gives us that 
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(i-in)A 



witn) < (l + 2"-^e)e + e<^2"-^e + -e + e 



X{I) 



1 



(3.88) 



< (l + 2"e)e. 



which shows that ()3.80p holds for j = n. 

Next, we consider (j3.8ip for j = n. As weh as the case j = 1, we put 



tn = sup <tn<t< tn+1 WM 



< (1 + 2 



(3.89) 



The estimate ()3.78p . together with ()3.88p . shows that tn < tn- We suppose the contrary 
that tn < tn+i, so that 

ll^llx([t„,*„]) = (l + 2"+^e)e. (3.90) 
Then, combining ()3.78p with ()3.88p and ()3.90p . we obtain that 



w 



X{[t„,t„]) 



< 



[1 + 2"e) e + e |2"-2e + ie + e| < (i + 2''+^e) e. 



(3.91) 



which contradicts (j3.90p . Hence, we have proved (j3.80p and (j3.8ip . 
Now, it follows from (fS^ST]) and ([3:82]) that 



lL''j(/;L''j) 



TV 

E 

n=l 



N 



N 



w 



L''j(/„;L''i) 



< ^ (1 + e'^ <^< for j = 1' 2. 



n=l 



(3.92) 

(3.93) 
□ 



Hence, we have from ()3.65p and ()3.92p that 

M\x(i) < + \Mx(i) <A + N, 

which completes the proof. 

3.4 Wave operators 

The following proposition tells us that the wave operators are well-defined on il.. 

Proposition 3.9 (Existence of wave operators). Assume d> 1 and 2 + ^<p + l<2*. 

(i) For any G Q, there exists a unique ipo € such that the corresponding solution 

ijj to the equation with ip{0) = i/jq exists globally in time and satisfies the fallowings: 



V'GX([0,+oo)), 



lim 



0, 



Furthermore, if 



^(V'(t)) = ||V(/.+ ||22 foralltGR. 
is sufficiently small, then we have 



1^1 ' 



(3.94) 
(3.95) 
(3.96) 

(3.97) 
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where the implicit constant depends only on d, p and qi. 

The map defined by (j)^ i— t- ^/^q is continuous from into PW+ in the H^{W^) -topology. 

(ii) For any G f], there exists a unique ipo G PW^ such that the corresponding solution 
ip to the equation with "0(0) = "00 exists globally in time and satisfies that 



V'GX((-oo,0]), 



lim 

oo 
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iA, 



0, 



Furthermore, if 



n{ij{t)) = \\V(t)4\\2 for all te 
is sufficiently small, then we have 



X(V) ^ 



(3.98) 
(3.99) 
(3.100) 

(3.101) 



where the implicit constant depends only on d, p and qi. 

The map defined by i— )• tpQ is continuous from Q into PW^ in the H^{W^) -topology. 

Proof of Proposition \3.Si Since the proofs of (i) and (ii) are very similar, we prove (i) 
only. We look for a solution to the following integral equation in X([0, oo)) for all 0+ G Vt: 
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{t~t')A 



{m')r'^{t')}dt'. 



(3.102) 



We first note that the estimate ()3.8p shows that: For any 6 > 0, there exists Ts > such 
that 

65*^0+ < 6. (3.103) 

X([Ti,+oo)) 

Moreover, it follows from the Strichartz estimate that: There exists Cq > 0, depending 
only on d, p and gi, such that 



;i - A)2e 



(3.104) 



Using these constants Ts and Co, we define a set i5[0+] by 



;i - A)2u 



Sils) 



<2CoU+\\hi 



(3.105) 



where Is = [Ts, oo). We can verify that l5[0+] becomes a complete metric space with a 
metric p defined by 



p{u, v) := max | \\u — v\ 



u — v\ 



S{h) 



I for all u,v ^Ys\ 



(3.106) 



Then, an argument similar to the proof of Proposition 13.71 (small data theory) leads us 
to that: If 5 > is sufficiently small, then there exists a unique solution ■0 G Y5[0+] to 
the integral equation (j3.102p . In particular, we find that such a solution exists globally 
in time and satisfies p.lOip . provided that ||0+||j:/i is sufficiently small. 
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We shall show that the function tjj obtained above becomes a solution to the equation 
p.ip . Multiplying the both sides of ()3.102p by the free operator, we have 
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(t-T)A 



+00 
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{|V'(t')r~V(i')} dt' for all t,T G Is- 



Subtraction ()3.107p from ()3.102p yields further that 



(3.107) 



^{t) = e5(*-^)^^(r) + ^ / e5(*-*')^ {|V(t')r"V(i')} dt' for ah t,T e h- (3.108) 

2 Jt 

Hence, we find by this formula (j3.108p that ^ is a solution to the equation (jl.ip on I5. 

Next, we shall extend the solution ij: to the whole interval M. In view of Propo- 
sition 12.51 it suffices to show that tl:{t) G for some t ^ I^. Applying the usual 
inhomogeneous Strichartz estimate to ()3.102p . and then applying Lemma 13.21 we obtain 
that 



lim 



< lim 



(1 - A)2V; 



p-i 



5([i,oo)) 



0. 



(3.109) 



Using this estimate (|3.109p and Lemma 13.41 we conclude that 



lim /C(^(t)) = lim /C(e5*^(/.+) 



lim s /C(</> 



t— >-+oo 



/C(</.+ ) + 



d{p - 1) 
2(p + l) 
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p+1 ^ d{p - 1) 



LP+1 2(p+l) 



I LP 



d{p-l) I 



ip+i 



1 >o. 



Hence, it holds that 

< /C(^(t)) < niijit)) for all sufficiently large t > T^. 



(3.110) 



(3.111) 



Moreover, using ()3.109p and Lemma 13.41 again, and employing the condition (pj^ G 0, we 
obtain that 



lim N2{i^{t)) = lim AA2(65*^0+) 



lim 

t— >+oo 



lp+l-f(p-l) 
Il2 



Iiv0+iii2 
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p+1 2 
LP+1 



{p-l)-2 



(3.112) 



iiP+i-i(p-i) 



||{p-l)-2 



P + i 

- u^+ul2 ||V0+||2r^^"' = AA2(0+) < N2. 

This estimate, together with (jl.43p . shows that 

ipit) G PW+ for ah sufficiently large t > Ts 



(3.113) 



Thus, we have proved the global existence of ip. Since ip G X{[T, +00)) for sufficiently 
large T > 0, we also have ^ G ^([0, +00)). 
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Now, we put ipQ = "0(0). Then, ipQ is what we want. Indeed, the desired properties 
(|3.94p and ()3.95p have been obtained. Moreover, ()3.95p and Lemma [3.41 immediatelv give 

We shall prove the uniqueness here. Let and tpQ be functions in such that 

the solutions ^ and ip to the equation (|l.ip with ip{0) = ipo and ^(0) = satisfy that 



lim 



m- 

Using (|3.114l) . we find that 



lim 



= lim 



m - m 
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0. 



0. 



(3.114) 



(3.115) 



Then, supposing the contrary that i/^q 7^ "00) we have by the standard uniqueness result 
(see [25]) that ^{t) / i){t) for all t G M, which contradicts (|3.115p : Thus, ^Ao = V'o- 

Finally, we prove the continuity of the map defined by 0+ E i— >• -00 £ PW+ . We use 
Wj^ to denote this map. Let 0+ G 0, and let {0+^„}„gN be a sequence in Q satisfying 
that 



lim 

n— >oo 



0. 



The estimate (|3.8p . together with (|3.116p . shows that 



lim 

n— >oo 



62 



62 



tA. 



0. 



(3.116) 



(3.117) 



Let V and T/^n be the solutions to (|l.ip with 0;(O) = and V'n(O) = W+cp+^n, 

respectively. Then, ip and ipn exist globally in time (see Proposition 12. 5p and have the 
following properties as proved above: 



ipit), i'nit) G PW+ for ah t G M, 
0,V'n G X([0,oo)), 



lim 

t—^+oo 



m - 6t*^0+ 



= lim 



V'n(t) 



mm) = Iiv0+iii2 , nMt)) = iiv0„. 



IL2 



for all t G 



Moreover, we find by ()3.120p that ip and ipn satisfy that 

f + OO 



m-- 
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5(*-*')A{|^(t')rv(t')}dt', 
6t(*-*')^{i0;„(t')r-Vn(t')}rfi'- 



62 
+00 



(3.118) 
(3.119) 

(3.120) 
(3.121) 

(3.122) 
(3.123) 



Note here that it follows from ()3.116p and ()3.117p that there exists a number no G N 
such that 



(3.124) 
(3.125) 



65*^0 


+,n 


< 2 




for all interval / and n 




X(I) 




X{I) 



■,n\\H 



1 <2 



for all n > ng. 
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We find by ()3.124p that: For any 6 > 0, there exists Ts > 0, independent of n, such that 
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tA. 



<5, 



xm,oc)) 



< 6 for all n > no- (3.126) 



Using ()3.126p and the formulas ()3.122p and ()3.123p . we also find that: There exists a 
constant 5o > with the following property: for any 5 £ (0, 6o], there exists > such 
that 

llV'llx([T«,oo)) < 25, Un\\x{iTs,oc)) ^ 25 for all n > uq. (3.127) 

Now, we consider an estimate for the difference ^„ — ■0. The formulas (|3.122p and 
(|3.123p shows that 

• f + OO 

Mt) - m = e^*^ (<A+,n -'/'+)- 2 y { l^nr'i'n " 1^1^-^} (^0 dt' . 

(3.128) 

Applying the Strichartz estimate to p.l28p , and using ()D.2p and ()3.127p , we obtain that 



Wn-W\\sm,oo)) 



lL2 



(3.129) 



< 



where the implicit constant depends only on d, p and qi. This estimate, together with 
(j3.116p . shows that 



Jim ||Vn-0|ls([T„oo)) 

Similarly, we can obtain that 



lim 



- ^\\x{[Ts,oo)) 



for all sufficiently small 6 > 0. (3.130) 



for all sufhciently small 6 > 0. (3.131) 



Moreover, considering the integral equations of djip and djipn for 1 < j < d, we obtain 
by the Strichartz estimate that 



< II 9j - dj(, 



1^2 + \\i'n\\x{lTs,oo) ll^iV'n " djIpW Si[Ts,oo)) 



+ Ili^nr'-i0r' 
+ lli^nrv^-iV'rvii ^ 



(3.132) 
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where the imphcit constant depends only on d, p and qi. Note here that, Lemma 13.61 
together with ()3.119p . gives us that ||(1 — A) 2 ^||^qq j^-,^ < 00. We also note that ()3.13ip 
implies that 

lim iiiV'nr"^- i-'Ar"! -2 

= lim |||V„r"Vn - lV'r"V^II -2 92 =0 for all sufficiently smalU > 0. 

(3.133) 

Hence, we have by (|3.132p that 

lim Wdjipn — djipWgf^^rp^ ^^-^ = for all sufficiently small 6 > 0. (3.134) 

Thus, we obtain from ()3.130p and (j3.134p that 

lim llV'n — V'llrooaT oo)-H^) ~ sufficiently small 5 > 0, (3.135) 

SO that it follows from the continuous dependence of solutions on initial data that 

lim WW+cP+^n - W+<P+\\j^^ = lim 11^^,(0) - ^(0)11^1 = 0, (3.136) 

n— >oo n— >oo 

which completes the proof. □ 

4 Analysis on PW+ 

Our aim here is to prove Theorem II. li Obviously, Proposition 12.51 provides p.48p and 
()1.49p . Therefore, it remains to prove the asymptotic completeness in PW+. 

In order to prove the existence of asymptotic states for a solution ■0, it suffices to 
show that ||'0||x(R) < 00 by virtue of Proposition 13.51 and Proposition 12.51 To this end, 
we introduce a subset of PW+: 



PW+{6) :={/€ PW+ 



mf) ■■= ii/ii^r^^'"'^ vnf-f^'''^'" < 4 , 5 > 0. (4.1) 



Moreover, we define a number Nc by 

iVe := sup {S>0 \ Mlxm < 00 for all V'o G PW+{6)} 
= inf {(5 > I IIV'llx(R) = 00 for some ^jq G PW+{6)}, 



(4.2) 



where ip denotes the solution to (jl.ip with ■0(0) = V'o- 
Since we have 

PW+ = PW+{N2), (4.3) 

our task is to prove Nc = N2. 
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It is worth while noting here that Nc > 0: For, it follows from ()3.8p . the interpolation 
estimate and Proposition 12.51 that 

P-i 



x( 



< 



< 



< 11^^011^2 1 



' d{p-l) 
d{p - 1) - 4 



kp-i)-2 



(4.4) 



< 



I d{p - 1) 
d{p - 1) - 4 

/ d{p - 1) ^ 
d(p - 1) - 4 



{p-l)-2 



AA2(Vo) 



(p-l)-2 



for ah 5 > and G -PW/+(<5), 



where the implicit constant depends only on d, p and gi . This estimate shows that there 
exists 5o > 0, depending only on d, p and qi, such that 



x( 



< ^PrMl ah ^0 e PTy+(5o), 



(4.5) 



where ^Pr \s7f\ ^ constant found in Proposition 13.71 Hence, we have by the small data 
theory (Proposition 13. 7( ) that ^^^^2 > > 0. 



4.1 One soliton vs. Virial identity 

In this section, we present our strategy to prove = N2- We suppose the contrary 
that Nc < N2. In this undesired situation, we can find a one-soliton-like solution to 
our equation (jl.ip in PW^ (see Proposition 14.11 below). Then, the soliton- like behavior 
contradicts the one described by the generalized virial identity (Lemma IA.3p . so that we 
conclude that Nc = N2. At the end of this Section [4.11 we actually show this, provided 
that such a soliton- like solution exists. 

The construction of a soliton-like solution is rather long. We divide it into two parts; 
In Section [4.2) one finds a candidate for the soliton, and in Section [4. 3[ one sees that the 
candidate actually behaves like a one-soliton-like solution. 

We here briefly explain how to find a candidate for the one-soliton-like solution. If 
Nc < N2, then we can take a sequence {ipn} of solutions to (jl.ip with the property that 

Mt) e PW+ for all t G M, ||Vn|lxfR) = 00, lim A/2(Vn(0)) = Nc- (4.6) 

We consider the integral equation for 

Mt) = e^*^/n + ^ Te^^*"*')^ {|Vn(t')r-Vn(t')} dt' , (4.7) 
^ Jo 

where we put /„ = ipni^)- We first observe that the linear part of this integral equation 
possibly behaves like as followtQ: 

ei'^Ux) ~ Yl e^^it-rD^e-'^L-^ fix) (4.8) 
i>i 

^e~^"'^ denotes the space-translation by —rjn- We may expect the number of summands /' is finite. 
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for some nontrivial functions /' G -PW4., G M and r/^ G M*^. Of course, this is not a 
good approximation to V'n. So, putting = lim (possibly = ±00), we solve our 



n—^oo 

equation (jl.ip with the initial datum e~2'^=o^/' at i = — r^: 

^'(t) = e§(t+rL)Ae-§r^A_^; ^ ^ /■* ^ gi{t-t')A {|V.'(tOr-V'(t')} rfi'- (4.9) 
Here, in case of = =bcx), we are regarding this as the final value problem: 

e-i'^^p\t) = f + lf e-¥^ [\i^\t')rW{t')} dt\ (4.10) 



' =poo 

Then, instead of ()4.8p . we consider the superposition of these solutions with the space- 
time translations: 

V'r(x,t):=^(e--"i-''"-V)(x,t) = 5]V''(x-r?i,t-T^). (4.11) 

l>i l>i 

By Lemma 14.51 below, we will see that this formal object ipn^^ is an "almost" solution to 
our equation (jl.ip with the initial datum e~2^"'^e~''"'^/', and supposed to be a good 

i>i 

approximation to ipn- In other words, a kind of superposition principle holds valid in an 
asymptotic sense as n — ?• 00. By virtue of the long time perturbation theory (Proposition 
13. Sp . the sum in ipn^^ consists of a finite number of solutions. Actually, as a consequence 
of the minimizing property of the sequence {ipn} (|4.6p . the summand is just one: put 
^ := Then, it turns out that is a one-soliton-like solution which we are looking 
for. In fact, we can prove: 

Proposition 4.1 (One-soliton-like solution in PW+). Suppose that < N2. Then, 
there exists a global solution G C(M; //^(M'^)) to the equation with the following 

properties: {'^{t)}teR is; 

(i) a minimizer such that 

ll^ll^^^^ = 00, M2{^{t)) = Nc, ^-(0 G PW+ for all t G M, (4.12) 

(ii) uniformly bounded in H^(K'^) with 

||^'(t)||^2 = 11^(0)11^2 = 1 forallt^R, (4.13) 

and 



sup||VvI/(t)||^. <iv/'''-'^-', (4.14) 

(iii) a family of functions with zero momentum, i.e., 

9/ *(x,t)V^(x,t)(ix = forallt€R, (4.15) 

(iv) tight in H^{M.'^) in the following sense: For any e > 0, there exists > and a 
continuous path 7^ G C([0, 00); M'^) with 7^(0) = such that 

/ \'^{x,t)\^ dx > I- e for all t £ [0,00), (4.16) 

J\x-^,{t)\<R, 



and 

' \x-y,{t)\<R, 



I 

J\x 



\V^{x,t)\^ dx>\\V^{t)\\\2-£ for all te [0,00). (4.17) 
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We will give the proof of Proposition 14.11 in Sections 14.21 and 14.31 later, as mentioned 
before. The properties (i), (ii) and (iii) are easy matters. The most important part is 
the tightness (iv). To prove the tightness, we introduce a concentrate function for ^ (see 
()4.214|) below) and consider a sequence +tn)}n6N for an appropriate sequence {tn} 
with tn — )• +00. Analog Oils cirguniGnts with, finding ^ work on "[^(* ~!~ ^n)}nGN 

as well, 

so that we can show the tightness. Once we get the tightness. Lemma lE.21 immediatelv 
gives us the continuous path 7^ described in (iv) of Proposition 14.11 In order to prove 
Nc = N2, we need to know more subtle behavior of the path however. For a sufficiently 
long time, we can take 7^ as the almost center of mass, say 7^^^: 

Lemma 4.2 (Almost center of mass). Let ^ be a global solution to the equation 
satisfying the properties U-IS^ , U-Ml l, U-15\ ), and U-IG^ I, (f^. j7| ). Let be a 

radius found in (iv) of Proposition [7^7] for e > 0. We define an "almost center of mass" 
by 

^^^jiit) := {W20R, l^'(t)l^) for all e G (0, ^) and R > i?„ 
where wr is the function defined by iA.3\) . Then, we have: 



and there exists a constant a > 0, depending only on d and p, such that 
\-f^%it)\ < 20R for all tG 



(4.18) 
(4.19) 



0,a-^ 



|3;-7?'v, (t)|<4_R 



|*(x,t)|V |V^(x,t)|^ dx > ||^'(OIIhi for allt G 



0, a 



A. 



(4.20) 
(4.21) 



Remark 4.1. In the proof below, we find that the following estimate holds (see |^.gg[ )j." 



dt 



-it) 



< \/e for all t G 



0, a 



where the implicit constant depends only on d and q. 

Proof of Lemma \4.2\ We have from Proposition B.l in |46j that 



7ri?W = (^20i?,|*(0)r)+ 29 / / Vwi^jiix)-V^{x,s)^{x,s)dxds 



JR'' 



(4.22) 



j=i,...,d 



This formula, with the help of (|4.13p . (|4.14p and (jA.Sp . immediately shows ()4.19p : 7"''^ G 
CH[0,oo);M'^). 

Next, we shall prove the properties (j4.20p and (|4.2ip . Let 7^ be a path found in 
Proposition 14.1 1 and be the first time such that the size of 7^ reaches lOR, i.e.. 



Since G C([0, 00); ] 



We claim that 



te :=inf{t>0| \-/e{t)\ = lOR} . 
with 7e(0) = 0, we have that > and 
|7e(t)| < lOi? for silt £[0,ts]. 

hs'Rit) - 7e(i)l < 2i? for ah t G [0, i,]. 



(4.23) 

(4.24) 
(4.25) 
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It follows from the property (|4.13p that 

H^Rit) - 7e{t)\ = \{w20RA^{t)f)-^,mm\\h\ 

= I {w20R{x)-7e{t)}\^{x,t)\'^ dx 



< 



(4.26) 



\x--fe{t)\<R 
+ 



\'W20R- 7s{t)\\'i^ix,t)\ dx. 

|x-7,{t)|>R 

Moreover, applying (|4.24p and (]A.6p to the second term on the right-hand side above, 
we obtain that 

brRii) - j,{t)\ < R\\^{t)\\l2 + 50R [ 1^(2;, t)P dx for all t G [0,*^]. (4.27) 

J\x-y,{t)\>R 

Hence, this inequality (|4.27p . together with (|4.13p and the tightness (|4.16p . yields that 
|7"r(*) - 7'^(*)l ^ + 50^^ < for all e < jig and t G [0, t^]. (4.28) 
Now, we have by (jiTMp and (fOSj) that 

|7ri?(*)| < 12i? for ah t £ [0,*^]. (4.29) 



Moreover, (|4.25p also gives us that 

Bn{je{t)) C i?4ij(7r(0) for all t G [0, t,], 
so that the tightness of {^(t)} in H'^{R'^) (see (jiJ6]) and (jUT]) ) gives us that 



(4.30) 



/ 

J\x--y"- 



|^(x,t)|V |V^(t)|^ > ||^(t)||^i -e for alH G [0,te]. (4.31) 



|a;-7,",'kWI<4i? 

Therefore, for the desired results ()4.20p and ()4.2ip . it suffices to show that there exists a 
constant a > 0, depending only on d and p, such that 



R 



To this end, we prove that 



dt 



<Ve for all t G [0,*^], 



(4.32) 



(4.33) 



where the implicit constant depends only on d and p. 

Before proving (|4.33p . we describe how it yields (j4.32p . We easily verify by (j4.33p 
that 

dt< ^/ete, 



\ie:R{te)\ - \it:Rm < 



dt 



(4.34) 
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where the imphcit constant depends only on d and p. Then, it follows from ()4.25p and 
7e(0) = that 



V^t,>\j^%{t,)\-2R 

>|7e(0|-|7ri?(*e)-7.(t.)|-2i? 
> lOR -2R-2R = 6R, 



(4.35) 



which gives ()4.32p . 

Finally, we prove (|4.33p . Using the formula (|4.22p and the property (|4.15p . we obtain 
that 



e,R 



dt 



it) 



(4.36) 



20R 



1^- 



L2 



|a;|>20K 



\V'^{x,t)\^ dx foralli>0. 



Applying ()4.13p and (jA.Sp to the right-hand side above, we further obtain that 



dx 



e,R 



dt 



(t) 



<[ \V^{x,t)\^ dx forant>0, (4.37) 



where the implicit constant depends only on d and p. Since the estimate (|4.24p shows 
that 

BR{-fe{t)) C B2or{0) for ah t G [0, t,], (4.38) 



the estimate (|4.37p . together with the tightness (|4.17p . leads to (j4.33p . 



□ 



Lemma 14.21 implies that ^ found in Proposition 14.11 is in a bound motion, rather, a 
standing wave. On the other hand, the generalized virial identity ( ()A.20p in Lemma lA.Sp 
suggests that ^' is in a scattering motion. As we already mentioned at the beginning of 
this Section [4. 11 these two facts contradict each other; Thus, we see that = ^c- Here, 
we show this point precisely: 

The generalized virial identity (|A.20p . together with (|A.27p and ()A.28p . yields that 



iWR,\^it)\^) 

> [Wr, \^m^) + 2t'^{wR • V*(0), *(0)) + 2 

ft rt' 

"\\2 



t rt' 



JO 



JC{^{t"))dt"dt' 



Jo J\x\>R 
t rt' 



pi{x)\V^{x,t")\' + p2{x) 



^■V^ix,t" 

\x\ 



dxdt" dt' 



(4.39) 



JO 



||A(divu;R)||^oo P(i")||22 dt"dt' for ah > 0. 



Applying the estimates (|4.13p . (jA.OP and ()A.3ip to the right-hand side above, we obtain 
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that 

{WR,\^{t)\'') 

> {Wb, I'f (0)P) + 2t'^{wR • (0), (0)) + 2 /" [ /C(^(t")) dt"dt' 

Jo Jo 



(4.40) 

2 {Ki +K2) / / |V^(x, - for all R>0, 

Jo Jo J\x\>R ^ 



where K is the constant defined in (jA.ip . and Ki and K2 are the constants found in 
Lemma |A.4[ Moreover, it follows from the estimate (j2.27p in Proposition 12.51 that 

> {Wr, |^(0)|2) + 2tQ{wR ■ V^{0),^{0)) + t^uo-Hi^m 
- 2{Ki +K2) [ f [ \V^{x, t")\^ dxdt"dt' - ^^t^ t^ for aU R>Q, 

Jo Jo J\x\>R ^ 

where we put 



.o:=l-^^^. (4.42) 

Here, we have by Lemma [4.21 that: For any e E (0, j^), there exists Re > with the 
following property: for any R > R^, there exists 7°')^ G C^([0, 00); M'^) such that 

|7e,'k(t) I < 20R for ah t G [ 0, ] , (4.43) 

/ \V^{x,t)\'^dx <e for ah t e[0, a-^ ], (4.44) 

J\^-7^:Rit)\>^R 

where a is some constant depending only on d and p. 
We employ (|4.43p to obtain that 

\x - -ie%{t)\ > 4R for ah R>Re,t£[0, ] and x £ R'^ with |x| > 24i?. (4.45) 
Hence, (|4.4ip . together with the tightness ()4.44p . leads to that 

iW50R, l^(i)l') > {W50R, l^(O)l') + 2t<^{w50R • V^(0), ^(0)) + t^uJon^iO)) 

lOd^K 

- (Ki + K2)t^£ - 7 — -TTT^t^ for ah R>Re and t G [ 0, a-^ 1 . 
(50it)^ 

(4.46) 

We choose e so small that 



and R so large that 



R > max J Re, ^ -. \ . (4.48) 
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Then, it follows from ()4.46p that 



t 



2 



{W,oR, l^(t)P) > {W50R, |^(0)|2) + 2t9(Tz;5o/? • V^(0), ^(0)) + I-c^o^(M/(0)) 

^ (4.49) 



for all te[0, a^]- 



Dividing the both sides of (|4.49|) by and applying the estimates (|4.13|) and (|A.7p . we 
obtain that 



^^^^ > ^{W,oR, |*(0)P) + j^iwBOR ■ VM'(O), ^(0)) + ^^-^(^(0)) 

for allte[ 0, ] . 
In particular, when t = we have by KT3\\ . ([XBl) and (|A77j) that 

> ^iw,oR, i^(o)p) + ^^i^^oR ■ v*(o), ^&(o)) + ^n^m 

> — mmi^ + -^n^m, 



(4.50) 



(4.51) 



so that 

8(5^ ^ 8(5^ ^ 200v€ ^ ^„ 

However, taking e — )• in ()4.52p . we obtain a contradiction. This absurd conclusion 
comes from the existence of one-soliton-like solution ^ (see Proposition 14. ip . Thus, it 
must hold that Nc = N2, provided that Proposition 14.21 is valid. 

4.2 Solving the variational problem for 

In this section, we construct a candidate for the one-soliton-like solution, considering the 
variational problem for Nc- 

Supposing that Nc < N2, we can take a minimizing sequence {(^n.jneN such that 



Nc<6n< N2 for all n G N, lim <5„ = Nc- (4.53) 

n— >oo 

Moreover, Lemma [231 enables us to take a sequence {ipo,n}nm in PW-^- such that 

||V'o,nlL2 = l forallnGN, (4.54) 
Nc < A/2(V'o,n) < Sn for ah n G N. (4.55) 

Note that ([i35]) . together with (fi33]) . leads to that 

lim A/2(V'o,n) = Nc. (4.56) 

n— >-oo 

Let i/'n be the solution to (jl.ip with ?/'n(0) = 'i/'o.n- Then, ()4.55p . together with the 
definition of Nc (see (|4.2p ). implies that 



00 for ah n G N. (4.57) 
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We also find that 



lim sup 



> 0. 



(4.58) 



Indeed, if (|4.58p fails, then the small data theory (Proposition 13. 7p concludes that 
llV'nllx(R) < for sufficiently large n € N, 

which contradicts (|4.57p . 

The following lemma gives us a candidate for the one-soliton-like solution in Propo- 
sition 14. li 

Lemma 4.3. Assume that d > 1 and 2-|-|<p-l-l<2*. Suppose that Nc < N2. Let 
{ipn} be a sequence of global solutions to the equation in C(K;H^{W^)) such that 



i)n{t) e PW+ for allt £R and n G N, 
1^2 = 1 for alln £N and t £R, 



Furthermore, we suppose that 

lim sup 

n— >oo 



sup \\i^n{0)\\m < 

lim 7V2(V'n(i)) = Nc for all t £ R, 

71— >00 

= 00 for all n gN. 



(4.59) 
(4.60) 
(4.61) 

(4.62) 
(4.63) 

(4.64) 



Then, there exists a subsequence of {ipn} (still denoted by the same symbol), which sat- 
isfies the following property: There exist 

(i) a nontrivial global solution ^ € C {R; {'K'^)) to the equation with 

\Mx(R)=^^ (4-65) 



^'(t) G PW+ foralltGR, 
||^f(t)||^2 = 1 forallteR, 

A/2(*(i)) = ^c forallteR, 



(4.66) 
(4.67) 
(4.68) 



and 



(ii) a nontrivial function f G PWj^, a S6QU6TIC6 {'7~n} with lim — Tqq for some 

n— >oo 

Too G M U {±00}, and a sequence {rjn} in M'^ such that 

lim e^^"^e''"'^Vn(0) = / weakly in H^{R'^), and a.e. in M"^, 



lim 

n—>-oo 



lim 



lim 

n— >oo 

lim 



e5-"^e''"-^V'n(0) - / 



L2 
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L°°(R;L^(''~l')nX(R) 



0, 



^(-Tn)-e-i^"^/ 



0, 



e3*^Vn(0) - e3*^ (^e-^-i-''"-^^) (0) 



X( 



(4.69) 
(4.70) 
(4.71) 
(4.72) 
(4.73) 
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Especially, we have 



L2 



1^- 



^2 for all t G 



||V/||^2= lim \\V^{-rn)\\L2. 



(4.74) 



Remark 4.2. In this Lemma \4--'J[ ^ is actually a solution to the integral equation (fj^. 

For the proof of Lemma [4.3l we prepare the following Lemmata 14.41 and 14.51 The for- 
mer is a compactness lemma and the latter is a key ingredient to prove the superposition 
principle ()4.1ip as mentioned in Section [4.11 

Lemma 4.4. Assume that d > 1 and 2 + | < p + 1 < 2*. Let {fn} o uniformly 
bounded sequence in H^{R'^). Suppose that 



lim sup 



ei'^fn 



(4.75) 



Then, there exists a subsequence of {fn} (still denoted by the same symbol), which satisfies 
the following property: There exist a nontrivial function f G H^{W^), a sequence {tn} in 
M with lim t„ = t^o for some too G 1^ U {ioo}? and a sequence {y^} in M*^ such that, 

n— >oo 

putting fn{x) := e2*"^/„(j; + 7/„), we have that 



lim f* = f weakly in H^{R''-), and strongly in L? (M*^) for all q G [2, 2* 

n— >oo 

lim ||||V|7n|li2-|||Vr(/:-/)||iJ = |||V|7lli2 for allse [0,l], 



(4.76) 
(4.77) 



lim 



fn\\% 



e~"^'-Hfn - f) 



q 

Li 



e 2 



1=0 for all q£ [2,2*), (4.78) 



^hm [n (fn) - n (e"i*"^(/: -f))-n (e-t*-^/) } = 0, 



sup II/* - fWfjl < sup ll/nlli^l < OO. 



Proof of Lemma 



Put 



A = — lim sup 

2 n— >oo 



1/- A 



fn 



(4.79) 
(4.80) 

(4.81) 



Note that A > by (liT5]l . 

We take a subsequence of {fn} (still denoted by the same symbol) and a sequence 
{tn} in M such that 



inf 



d(p-l) 



Here, extracting some subsequence of {tn}, we may assume that 

lim tn = too for some too € R or too £ {±00} . 

n— >oo 

In addition to ()4.82p . we have by the Sobolev embedding that 



sup 

nSN 



P+i 



(4.82) 



(4.83) 



(4.84) 
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for some constant Cp depending only on d and p, where we put 



B = sup WfnWm < 

Then, Lemma IB. II (with a = 2, /3 = '^^^^"^^ and 7 = p + 1) shows that 



(4.85) 



> V 



2 ' 



(4.86) 



for all n G N and < 77 < min < 1, 



4B2 



Moreover, Lemma IB. 21 implies that: There exists a sequence {un} in M*^ such that 



e^--/.(- + yn,)|>|]ni?,(0))> i±4^ 



(p-l)+2\ STZi 



for ah n G N, (4.87) 



where 2^^ = 4 if d = 1, 2 and 2^^ = 2* if d > 3, and the implicit constant depends only on 
d and p. For the sequence {un} found above, we put 



/:(x) = et*"^/(x + y„). 



(4.e 



Then, {fn} is uniformly bounded in H^{M.'^) as well as {/n}- Hence, there exist a subse- 
quence of {fn} (still denoted by the same symbol), a function / € H^{'R'^) such that 



lim /* = / weakly in H^{R'^). 

n— >oo 

Here, ()4.89p . with the help of the Sobolev embedding, also yields that 
lim /* = / strongly in L'j.M'^') for all q £ [2, 2*). 



(4.89) 



(4.90) 



Therefore, we have by (j4.87p that 



Li 



> 



L(Bi(0)) -„lli'^ll/nllL(Bi(0)) 



■l+^^i(p-l)+2 \ 2t-2 

l + B J 



for ah q e [2, 2*) and < < min < 1, (^) 



(4.91) 



where the implicit constant depends only on d and q. Thus, / is nontrivial. 

Now, we shall show that the sequence {/^} satisfies the property (|4.77|) . Indeed, it 
follows from the weak convergence ()4.89p that 

iiivr(/:-/)iii2 

= iiivr/:iii2 - \mf\\i2 - 2k / ivr iax) - nx)) ivr/(x) dx (4.92) 

= ll|Vr/n|li2 - |||Vr/||^2 + On{l) for ah s G [0, 1], 



49 



so that (fiTTll holds. 

Next, we shall show ()4.78p . We first consider the case ioo = lim ^n. G I^- Then, we 
can easily verify that 



lim e"^*"^/* = e"5*°°^/ weakly in i?i(R'^), and a.e. in R'^, 

n— >oo 



lime 2*"^/ = e 2*°°'^/ strongly in //^(M*^ 

n— >oo 

Moreover, the triangle inequality gives us that 



(4.93) 
(4.94) 



9 

LI 



< 






g 








Li 



L9 



+ 



+ 



(4.95) 



g-ftooA^ 



for all g G [2,2*). 



Here, we have by the Sobolev embedding that 

^ = sup ||/„||j:^i < 00 for ah q G [2,2*). (4.96) 



sup 





, ^sup 






L'' n&N 





Therefore, Lemma [B.4l together with (j4.93p and (j4.96p . implies that the first term on the 
right-hand side of (|4.95p vanishes as n — )• 00. The second term also vanishes as n — )■ 00. 
Indeed, it follows from (jP.ip and ()4.94p that 



lim 

n— >oo 



e--^'"^ {f*-f) 



< Jim_(||/„||^-V 



Li 
q-1 

m 



(4.97) 



0. 



Li 



Moreover, (j4.94p immediately yields that the third term vanishes as n — ?• 00. Thus, we 
have proved the property (|4.78p when too S M. 

We next suppose that too G {±00}. In this case, (|D.ip and Lemma [33] yield that 



lim 

n— ^-oo 



ll/n 



\1 
\Li 



lim 

n— >oo 



(/:-/) 



LI 



e 2 



< lim 

n— >oo 



-ftnA 
UnA J^* 



Li 



< hm (ll/nr^-.V 11/11^-/) 

n— ^00 \ ^ / 

= for aU g G (2,2*). 



e-^*"^ (/: - /) 



tnA J 
L9 



+ lim 

n— >oo 



1 

Li 



(4.98) 



e 2 



+ lim 

i9 n— >oo 



e 2 



9 

LI 



Since ()i778]) with g = 2 follows from (023), we have proved ([i?78]l . 
The property (|4.79p immediately follows form (|4.77p and (|4.78p . 
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Finally, we shall prove ()4.80p . It follows from ()4.77p that 

Wfn- fWm < WfnWm for sufficiently large n e N. 
Hence, extracting further some subsequence of {/^}, we obtain ()4.80p . 



(4.99) 
□ 



Lemma 4.5 (Dichotomy). Letu be a function in X (W) and let {{ri^,T^)}, {(??n)'^n)} 

(4.100) 



he sequences m M x M with 

lim ( - T^l + \rj^ - 7/^| ) = oo for all 1 < k < I < L. 
Then, putting ul^{x,t) := u{x — r]!^,t — t^), we have 



and 



lim 



lim 

n—>-oo 



k=l 1=1 1=1 



L^'i (R;L''i) 



rj_ =0 for all j = 1,2 and k ^ I, 

Ly (R;Ll) 



(4.101) 



(4.102) 



where qj and rj (j = 1,2) are the exponents introduced in Section WA 
Proof of Lemma |^.5[ Put 



r„ = — inf 

2 l<k<l<L 



+ 



Vn Vn 



(4.103) 



and define functions Xn and on x M by 

r 1 if \{x,t)\ < rn, 
Xn\X, t) := < 

{ if \{x,t)\ >r„, 

Now, we shall prove ()4.10ip . The triangle inequality and Lemma lD.21 show that 



xi{x,t):=Xn{x-ril,t-Tl). (4.104) 



■n-l L 



< 



< 



k=l 



E 

1=1 

L L 

EE 

1=1 



1 = 1 



1 = 1 



E 

k=l 



p-1 



L''i (R;L''i) 



(4.105) 



where the implicit constant depends only on p and L. Hence, for (|4.10ip . it suffices to 
show the following estimate: 



lim 

n— >-oo 



p-1 



for all k^l. 



(4.106) 



L''i(R;L''i) 
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We begin with the following estimate: 



< 



L''i (R;L«i) 



p-1 



An ""n 



p-1 



L''i(R;L''i) 



+ 



A.n"-n 



p-1 



I 

An "'n I 



(4.107) 



L''i(R;L«il 



The Holder inequality gives an estimate for the first term on the right-hand side of 



< 





P- 


^ l<l - 


A- 


it 


P- 


■"n 






An^n 


















^n 






Xn 


?^n 



|y' v} I 

lAn^-nl 



L''i(R;L''i) 



p-1 



■yk k 



p-1 



^k k 



L''i(R;L''i) 
p-1 



L''i(R;L«i) 



< 



(1 - X^)u^ 



(1 - Xn)u 



p-1 



|P-1 

ix(r: 



X( 



+ 



p-1 



X( 



(1 Xn)^n 



+ N 



|P-1 



(1 - Xn)^i| 



X(R) ' 



lim 11(1 - Xn)u\ 



x( 



0. 



Hence, the first term on the right-hand side of ()4.107p vanishes as n — )• oo. 
On the other hand, it follows from 

supp Xn n supp = for ky^l 



(4.108) 



(4.109) 



where the implicit constant depends only on d, p and qi. Note here that 
lim (1 - Xn{x, t))u{x, t) =0 a.a. {x, t) G M'^ x M and all / = 1, . . . , L, 

n—^oo 

\{1-Xn{x,t))u{x,t)\ <\u{x,t)\ a.a. (j;, t) G x M and alU = 1, . . . , L, (4.110) 
so that the Lebesgue dominated convergence theorem gives us that 



(4.111) 



(4.112) 



that the second term on the right-hand side of ()4.107p is zero. Thus, we have proved 

mm- 

In a way similar to the proof of ()4.106p , we can obtain (|4.102p . □ 
Now, we are in a position to prove Lemma 14.31 
Proof of Lemma \J7S\ Put = '0n(O). Since Vn(0) G PW+, Proposition [23] and 



52 



give us that 



limsupA/'2(/n) < limsup. 



/ d{p-l) 
d{p - 1) - 4 



AA2(/n) 



< 



' d{p-l) 
d{p - 1) - 4 

I d{p - 1) 
d{p - 1) - 4 



-f(p-l)-2 



(4.113) 



-f(p-l)-2 



= 



Now, we apply Lemma 14.41 to the sequence {/n} and obtain that: There exist a 
subsequence of {/n} (still denoted by the same symbol), a nontrivial function G 
i?^(M'^), a sequence {t^} in M with t}^ ^ t^^ G M U {ico}, and a sequence {y^} in M'' 
such that, putting 



/^(x) := (ei*"^e^"-^/„) (x) = ei*"^/„(x + y^), 

we have: 

lim = /I weakly in H\R'^) for all s £ [0, 1], 

n— >oo 

^lim {lllVr/nlli^ - |||Vr(/^ - f')\\l,} = \\\Wf% for ah s G [0, 1], 



lim jll/nllig- 
n— >oo L 



e-^*"^(i;l-r) 



1=0 for aU q G [2,2*), 



lim |?^(/„) - ?^(e-t*"^(/i - f)) - H(e-i*"^/i)| ^ 



sup \\fn - I^Whi < 
n6N 

Besides, it follows from (|4.113p and ()4.116p that 
AA2(/^) <limsupAA2(/„) <iV2, 

n— >oo 

limsupAA2(e-t*"^(/^ - /^)) = limsupAA2(/i - < limsup AA2(/„) < iV2, 

n—^oo n— >oo n— >oo 

SO that we have by the definition of A''2 (see (|1.2U|) ) that 

o<icif)<nif), 

< /C(e-t*"^(/i - f)) < 7^(e-5*"^(/i _ ji-^^ sufficiently large n G N. 
We shall show that 



/I gJ^ 



(4.114) 

4.115) 

4.116) 

4.117) 

4.118) 
4.119) 

4.120) 
4.121) 

4.122) 
4.123) 

(4.124) 
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Suppose first that G M. Then, the estimate ()4.113p gives us that 

AA2(e-5*^^/i)=AA2(/i)<iV2, 
which, together with the definition of yields that 

Moreover, (|4.116p and ()4.118p . with the help of (|4.123p . show that 

AA2(e-t*-^/i) = lim A^2(e-5*"^/i) < lim Af2{fn) 

n-^oo n— )-oo 

Combining (|4.127p with (gTM]), we obtain that 

7V2(e-5*-^/i) <Nc< N2. 



(4.125) 



(4.126) 



(4.127) 



(4.128) 



Hence, (I4.126P and (14.1281) . with the help of the relation (fLiSjl . lead to that e"*^^/^ G 

We next suppose that t^^ G {±00}. In this case , the formula (|4.118p . together with 
(I4.12:sp . yields that 



|Vr||^,=7^(e-§*"V)+ ^ 



<H(/„)+On(l) + 



i5+ 1 

2 



p + 1 



p+1 



(4.129) 



so that we have by Lemma 13.41 that 

< lim n{fn). 

This estimate and (|4.116p with s = 0, together with (|4.62p . show that 



M2in < hm 



P+i-|(p-i) 



(4.130) 



(4.131) 



Hence, we have that G Jl. 
Now, we suppose that 



lim sup 



d, > 0. 



(4.132) 



Then, we can apply Lemma 14.41 to the sequence {/^ — /^}, so that we find that: There 
exist a subsequence of {fn~ f^} (still denoted by the same symbol), a nontrivial function 
G H^{M.'^), a sequence {t"^} in M with hm = G M U {±00} and a sequence {yl} 



in R such that, putting 



(4.133) 
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we have: 



lim = weakly in H^{R'^) 



(4.134) 



Jim {lllVr {fn - - IllVr {f^ - f)\\l.} = IllVr/l'. for all s G [0, 1], 

(4.135) 



Li 



LI 



— 1^2 A „2 



1=0 for all g G [2,2*), 
(4.136) 



lim {nf, - f) - ^(e-t*"^(/2 - f)) - n{e-¥l^f)} = q. 



SUp|||Vr(/2-/2)||^, <00. 

n6N 



(4.137) 
(4.138) 



Note here that is represented in the form 

= e-5-^^e-''"-^/i + e-t^'^e-""-^ f + e-^-^e"''"-^ (/^ - /2) for all n G N, 

(4.139) 

where 

Tn ■■= ti, Vl ■■= Vn, tI := + t^, rjl := r,l + yl (4.140) 
We also note that the following formulas hold: 

Jim {iiivr/niii^ - iiivr {fn - f)\\l.} = E \\\^\'f't. ' ^ ^i' (^-^^i) 



fc=i 



lim <^ II/, 11'^ 



n\\Lq 



LI 



^\\e~^^"^f'' " \ =0 forangG[2,2*) 
k=l ) 



hm <^ -Hifn) - ^(e-^"^(/2 - f)) -S2n{e-^2<^f 

r>. — ^nn I ^ — * 



k=l 



Moreover, in a similar way to the proofs of ()4.123p and ()4.124p . we obtain 



< ic (e-^^^ {ft - n) < n ( 



e 2 



and 



We shall show that 



e PW+ if G M, 
/2gJ^ if T^ = ±oo. 

lim \Tn - + \vl - Vn\ = ^■ 



(4.142) 
(4.143) 

(4.144) 

(4.145) 
(4.146) 



Supposing that ()4.146p fails, we can take convergent subsequences of {r^ — ^n} ^^^^ 
{Vn ~ Vn} ■ Then, (j4.115p . together with the unitarity of the operators e~ 2('^n~'^n)^ and 
e-('?n-'?n)-v on H'^iR'^), shows that 



hm = weakly in H'^{R'^), 



(4.147) 
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which contradicts the fact that is nontrivial. Thus, ()4.146p holds. 
Now, we suppose that 



lim sup 

n—^oo 



(4.148) 



Then, we can repeat the above procedure; Iterative use of Lemma l4.4l imphes the following 
Lemma: 

Lemma 4.6. For some subsequence of {fn} (still denoted by the same symbol), there 
exists 

(i) a family of nontrivial functions in H^{M.'^), {f^, . . .} , and 

(ii) a family of sequences in R'^xR, r^)}, {(r/^, r^)}, {(r/^ , r^)}, . . .} with 



lim = G M U {±00} for all I > 1, 

n— >oo 



f^en if t4, = ±oo 



for all I > 1, 



and 



such that, putting 



lim |t^ - r^l + jry^ - r]'^\ = 00 for all 1 < k < I, 



(4.149) 
(4.150) 

(4.151) 



/°:=/n, /°:=0, r°:=0, r?" := 0, 



we have, for all I > 1: 



lim = f weakly in H^{R'^), and strongly in Lj^^iR"^) for all q £ [2,2*), (4.152) 



|2 

Il2 



lim 

n— >oo 



|Vr(/:-/')|r 1= j;|||Vr/'=||' /or a// [0,1], (4.153) 
k=l ' J 



Li 



Jim |?^(/„) - ^(e-K^ (/^ - /)) - J]^?^(e-^"^/'^')| = 0, 



(4.154) 
(4.155) 

(4.156) 

Furthermore, putting N := ^{f^, f'^, f^, . . .}, we have the alternatives: if N is finite, 
then 

(4.157) 



ICie~-2<^ fi-f))>0. 



lim 

n— >-oo 



if N = 00, then 



lim lim 

>oo n— >-oo 



e^*^ (fL - f 



L°°{R;L^'P"l')nX(M) ^' 



L°°(R;L^<P"^))nX{R) 



(4.158) 
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Proof of Lemma \4-6\ The last assertion (|4.158p is nontrivial. We prove this, provided 
that the other properties are proved. We first show that 



hm hm 



62 



tA ( rl 



f n f 



0. 



Suppose the contrary that there exists a constant eg > such that 

pi 



limsup hm 



-tA 



fn-f 



Then, we can take an increasing sequence of indices {j(L)}LgN such that 



hm 

n— )-oo 



62- 



> 



(4.159) 



(4.160) 



(4.161) 



Here, it fohows from the construction of the family {/^, f^, . . .} (see also ()4.9ip in the 
proof of Lemma l4.4p that there exists a constant C(eo) > depending only on d, p, eq 
and sup ||/n|lL2 such that 

nSN 



L2 



> C{eo) for ah L G N. 



(4.162) 



Then, the uniform bound dOB (recall that /„ = ^„(0)), (|4.15:-{h and (14.1621) . yield that 

j{M)+l 



sup||/„||i.> hm ^ - /.(M)4-i _ _^,(A/m 



M 



}= E Ik' 

k=l 



2 
L2 



(4.163) 



L=l 



- Yl ||/^'^^^^^ ^2 ^ MC{£o) for ah M G N. 



Since sup ||/n||j;^2 < oo, taking M — )• oo in (j4.163p . we have a contradiction. Thus, (j4.159p 
holds. 



It remains to prove that 



lim lim 

l-^oo n->oo 



62 



tA ( rl 



X( 



This estimate follows from Lemma 13.31 and ()4.159p . 



(4.164) 
□ 



Proof of Lemma \4-^ (continued) We are back to the proof of Lemma 14.31 

We begin with proving that that = 1 in Lemma 14.61 To this end, we define an 
approximate solution 'i/'n^^ of tpn- Putting L = A^ifA^<oo; L sufficiently large number 
specified later exactly if = oo, we define 



(4.165) 



1=1 



Here, each ijj^ is the solution to ()4.9p (or (|4.10p ) with just found in Lemma 14.61 ^ind 
each (??^,T^) is the sequence found in Lemma so that we find that 



lim 



V''(-T^)-6-rA^/ 



rLArl 



for all 1 < / < L, 



V''(i) G PW+ for ah 1 < / < L and t G M. 



(4.166) 
(4.167) 



57 



We note again that if r^^ = ±00, then -0' is the solution to the final value problem ()4.10p : 
since G if = ±00 (see ()4.150p ). we actually obtain the desired solution by 
Proposition 13.91 

Now, we shall show that 



\x( 



< 00 for all 1 < / < L, if iV > 2. 



(4.168) 



For (|4.168p . it suffices to show that A/'2(V''(0)) < Nc by the definition of Nc (see ([O]) ). 
Suppose TV > 2, so that L > 2. Then, we employ (0153]), (|4.155h . (|4.15e)h and obtain 
that 



A4(/..) 



-p+l-f(p-l) 



/^iii2 + 5]ii/^iii.+o„(i) 



fc=i 



(p-l)-2 



(4.169) 



> 



(p-l)-2 



\ k=l 

Since (|4.150p and Lemma 13.41 imply that 



\ fc=i 



+ o„(l). 



^ I g j > for all A; > 1 and sufficiently large n, 



(4.170) 



and since V'' is the solution to ()4.9p or ()4.10p . we have from ()4.62p and ()4.169p that 
Nc = lim A/2(/„) 



> lim 



lim 

n— >oo 



lim 

n—^oo 



P+1-|{P-1) 
L2 



p+l-f(p-l) 

L2 



^(^H-^n))' 



(p-l)-2 



(4.171) 



P+i-f(p-i) 

L2 



^(^'(0))' 



kp-i)-2 



■ -^2 (^A' (0) ) for all 1 < / < L and sufficiently large n, 



Thus, (|TO8]1 holds. 

We know by (|4.168p that 



SUp||Vr^|lx{R) < 



(4.172) 



Furthermore, we will see that: When = c>o, there exists A > with the property that 
for any L G N (the number of components of ipn^^, see (|4.165p ). there exists ni £ N such 
that 

sup UrWxiR) < A. (4.173) 
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We shall prove this fact. Recah that X{R) = L''i(M; L*?! ) n L''^ (/; L^a). Lemma 1021 yields 
that 



1=1 



1=1 

L L ^ 

J^'' 



(4.174) 



dx for j = 1,2 



for some constant > depending only on d, p, qi and L. Therefore, we have by the 
triangle inequality that 



I app 1 1 9j 

llL'-i(R;L9i) 



uappuQj II 

IIl-JjII i 



1=1 



Vj {R;L''j ) 



L L 



(4.175) 



V''^(--77^,--r^) V''(--'?n,--r^) 



L^j (M;Ll) 



--■.Ij+IIj for j = 1,2. 



We first consider the term /j. The formula (j4.153p and the uniform bound (|4.6ip show 
that 



Elk' 



so that 



1=1 



lim 



< oo. 



0. 



(4.176) 



(4.177) 



Hence, it follows from Proposition 13.71 (when £ M) and Proposition 13.91 (when = 
iboo) that: There exists Iq € N, independent of L (the number of components of ^n^^), 
such that 

W\\xiR)<\\f\\m<^ foran/>/o, (4.178) 

where the implicit constant depends only on d, p and qi. Then, ()4.168p . ()4.176p and 
()4.178p . together with the fact qj > 2 for j = 1,2, lead to that 



< 



<ij 

L''i(R;L'j) 



Elk' + E 

^ H x(R) ^ W 



+ E Ik' 

/=«o+l 



Vj {R;Ly ) 



(4.179) 



1=1 



< oo. 
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where the implicit constant depends only on d, p and qi. 

Next, we consider the term IIj. Lemma 14.51 together with the condition ()4.15ip . 
implies that: There exists ni, £ N such that 



Hence, we see that 



qj-l 



< 



1 



^ ^ j2 for all n > ni and k ^ I. 



IIj < 1 for all n > n^. 



(4.180) 
(4.181) 



Thus, we have proved (j4.173p . 

We shall show that the case N > 2 can not occur. Note that ipn^^ solves the following 
equation: 

r) 

(4.182) 



where 



en{x,t) :=|V'r(x,t)rVr(^,t)-Ek'(^-^n'*-^n) - vL t - tI) . (4.183) 



1=1 



p-1 



Proposition 13.81 (long time perturbation theory), with the help of (j4.173p . tells us that 
there exists £i > 0, independent of L when N = oo, with the following property: If there 
exists n > ul {ul is the number found in (j4.173p if = oo, n^, = 1 if < oo) such that 



ei*^ (Vn(O)-V'r(O)) 



and 



then 



'L"- (R;L''i) 



■'n.\\X( 



< OO. 



(4.184) 



(4.185) 



(4.186) 



In the sequel, we show that if > 2, then ()4.184p and ()4.185p hold valid for some L, 
which shows = 1 since (|4.186p contradicts (j4.63p . It is worth while noting here that 



fn = ^e-t^-^e-''-^/' + e-i<^e-^^-^ [ft - /^) , (4.187) 
1=1 

in other words, 

L 

e¥^U = Yl et(*-")^e-''"-^/' + ei^*"^- )^e-''"-^ (/^ - . (4.188) 



1=1 



Invoking Lemma 14.5^ we find that ()4.185p holds for all sufficiently large n. We next 
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consider (|4.184p . The formula (|4.188p . with the help of ([33]), shows that 
e^*^ (^„(0)-C^f(0)) 



< 
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X( 



it-T^)A-r,^-V ( fL fL 



X( 



iA 



(4.189) 



< 



//I 



where C is some constant depending only on d, p and qi. Here, we have by (j4.157p and 
that 



lim 

n— >-oo 



X(R) 4 



(4.190) 



for L = if < oo, and sufficiently large L \i N = oo. 
Hence, for all L G N satisfying (|4.190p . there exists ni^i G N such that 



< — for all n > nri. 



Moreover, (j4.166p shows that for all L < N, there exists 71.^^2 S N such that 



e-^"V-V''(-r^) 



< 



//I - 2CL 



for all n > nj;, 2 and 1 < / < 



(4.191) 



(4.192) 



where C is the constant found in (14.1891) . Combining (I4.189P with (14.1911) and (|4.192p . 
we see that for all L € N satisfying ()4.190p . there exists n^^s G N such that 
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(v^„(o)-vr(o)) 



< £1 for all n > nL3, 



(4.193) 



which gives (|4.184p . 

We have just proved = 1, and therefore L should be one; 

i^Tix,t) = -rjlt- T^) = (e-^-^-'^n-^V'') ix,t). 

Put = tp^, f = f^, (7ri,,T"n) = ilk^Tn) Too = T^- Then, thesc are what we want. 
Indeed, we have already shown that these satisfy the properties (j4.66p . (|4.69p . (j4.7ip . 
(1^772]) : see (|TO71) for (OH]) . (|iJ^ for (|09D . (gl57D for K7T\i . and ()TO6D for (im]l . 
Moreover, the property (j4.74p immediately follows from (j4.72p . 
It remains to prove (jMSD, (jMZI), (OHI) . (lirTOl) and (Ii773]l . 

We first prove that ^' satisfies the property (j4.65p : ||^||x(m) = 00. Suppose the 
contrary that ||^||x(r) < Then, a quite similar argument above works well, so that 
we obtain an absurd conclusion 



< 00 for sufficiently large n G N. 



(4.194) 
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Hence, we have proved ()4.65p . 

In order to prove ()4.68p and ()4.70p . we shall show that there exists a subsequence of 
{/n} (still denoted by the same symbol) such that 



L2 



lim||/n|L2, (4.195) 



n—^oo 



lim n(e~i^"^f) = lim n {fn) ■ (4.196) 



Since = e2'^"^e''"'^/„(0) and / = the weak convergence result (|4.152p . with the 
help of extraction of some subsequence, leads to that 



1^2 < lim WUh,. (4.197) 

n— 5>oo 

Extracting some subsequence further, we also have by (|4.155p and ()4.156p that 

lim n(e~^^"^f) < lim n{fn)- (4.198) 



Here, we employ the mass conservation law (jl.Sp and (j4.72p (or the formula (j4.166p with 
/ = 1) to obtain that 

11^(0)11^. = hm \\^i-Tn)h2 = \\fh2 . (4.199) 

n— >-oo 

Moreover, the energy conservation law ()1.6p and ()4.166p with I = 1 give us that 

^(^r(O)) = lim H(^'(-r„)) = lim H(e-5^"^/). (4.200) 

Hence, supposing the contrary that (j4.195p or (j4.196p fails, we have by the minimizing 
property ()4.62p that 



_d 



{p-l)-2 



= lim M2{fn) = N,. 
n— >oo 

This estimate, together with the definition of N^, (see (|4.2p ). leads to that ||^||x(r) < °o, 
which contradicts ||^|lx (R) — Thus, ()4.195p and ()4.196p holds. Then, an estimate 
similar to ()4.20ip gives (|08]l . Moreover, ()T70]) follows from (|4.153p with / = 1, s = 
and imMjl . 

The properties (|4.70p and (|4.72p (or (|4.74p ). together with (|4.60p and the mass con- 
servation law (|1.5p . yield (|4.67p . Moreover, the formula (j4.73p follows from the estimate 
(liT89]) with N = 1. (liT57D and ()TO6]l . □ 

4.3 Proof of Proposition 14. 11 

We shall prove Proposition 14.11 showing that the candidate ^ found in Lemma 14.31 is 
actually one-soliton-like solution as t — t- +oo. 
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Proof of Proposition \4-l\ The properties ()4.12p and ()4.13p have been obtained in Lemma 
331 Moreover, (fTMj) in Proposition [231 together with ([iJ2]l and ()i33]) . yields (0331). 

We shall prove (|4.15|) : the momentum of ^ is zero. Using the Galilei transformation, 
we set 

:= e^(^?-*l?l')^'(x ^eR'^. (4.202) 

It is easy to verify that 



= for ah CeR'^,q£ [2,2*) and t £ M, 

\^dx(R) = \Mxm = ^ for all e G M'^. 



(4.203) 
(4.204) 



Moreover, a simple calculation, together with the mass and momentum conservation laws 
(fT31l and (fLTll . shows that 



l|V*€(0lli2 = iC^g(i) + e5(^«-*l«l')(V^)(x-Ct,t) 



/ |Cp|^^(x,t)|2dx+ / |V^p(x,t)(it 

lePll*I'(^)lli2 + ||VM/(^)||i2 + 2^9 / ^{x,t)v^{x,t)dx 



(4.205) 



= ICr 11^^(0)11^2 + ||V^'(t)||2^2 + 2^- 9 / ^(x,0)V^(x,0)(ix for ah ^ G M*^. 
This equality (|4.205p . together with the energy conservation law (|1.6p . yields that 



n{^^{t)) = \\v^i:{t)\\l. 



p + 1 



CI^JIIl2 



p + 1 



1^- 



p+1 



(4.206) 



^(^(0)) + 11^(0)1122 +2^-9 / ^(x,0)V^(x,0)dx forah^G 



Put 



Co 



■J^,^ix,0)V^ix,0)dx 



1^(0)11 



L2 



Then, we have by (I4.205P and (|4.206p that 



V%(t)||22 = ||V*(t)||22 - 9 / '^{x,0)V^{x,0)dx for ah i G 



ni^^oit)) =ni^iO)) - I *(x,0)V^(x,0)(ix ) foraUie 
Now, we suppose that 

9/ ^(x,t)V^(x,t)£ix = 9 / '^(x,0)V^(x,0)(ix 7^ 0. 



(4.207) 

(4.208) 
(4.209) 

(4.210) 
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Then, by (|4.2():sp with q = 2, (I4.2()8|) . (l2:26D in Proposition [23] and (|iJ2]l . we have that 
Ar2(*^„(t))<AA2(M/(t)) 

'*(p-l)-2 ; ^ ^ |{p-l)-2 



-f(p-l)-2 



< \hr^-^v^. ^2 = A^2 for all t e M. 

y d(p - 1) - 4 

This inequality, together with the definition of N2 (see ll.20p , implies that 

/C(^'5o(t)) > foralHGM. (4.212) 
Moreover, using (|4.203p with q = 2, (|4.209p . and (|4.12p again, we obtain that 

AA2(%(i)) <iVe. (4.213) 

Hence, it follows from the definition of Nc that ||^5ollx(M) ^ '^liicli contradicts (|4.2U4p . 
Thus, the momentum of ^' must be zeroU 

Next, we shall prove the tightness of either family {^(i)}tg[o,oo) or {^'(t)}(g(_oo,o] ™ 
i/i(M"'). Since ||^'||x(k)) = 00, it holds that ||^'||x([o,oo)) = 00 or ||^||x((-oo,o])) = 
The time reversibility of our equation (jl.ip allows us to assume that ||^|lx([o 00)) ~ 
if not, we consider ^'(x, —t) instead of ^'(x,t). 

We introduce the following quantity to employ Proposition IE.2t 

A := supliminf sup / \^{x,t)\^ dx. (4.214) 

t^OO y(Z]Rd J\x-y\<R 

By the definition of A, we can take a sequence in [0, 00) such that 

lim tn = +00, (4.215) 



n— >oo 



sup/ |*(3;,i„)|^ < ( 1 + i ) A for all i? > and n G N. (4.216) 



yeS.'l J \x-y\<R 

Put 



^n{x,t):=^{x,t + tn). (4.217) 



We investigate the behavior of this ^„ in order to show A = 1. Note here that since 
||\I/(t)||^2 = 1 for all t G M, we have ^ < 1, so that A>1 implies A = l. 



^The proof of zero momentum is quite similar to the one of Proposition 4.1 in [23]. We can find an 
analogous trick in Appendix D of |46) . 
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The sequence {^'^(0)} satisfies the conditions of Lemma 
^nit) G PW+ for all t G M, 
ll^n(t)|lL2 = 1 for all n G N and t G 



sup ||^'n(0)||j|^i < OO, 

nSN 

7V2(^n(t)) = for all n G N and t G M, 



I* 



n\\X( 



OO for all n G N, 



lim sup 



62 



*n(0) 



The assertion of ()4.223p may need to be verified. If ()4.223p fails, then we have 



lim 

n—^oo 
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tA 



(4.218) 
(4.219) 
(4.220) 

(4.221) 
(4.222) 

(4.223) 

(4.224) 



which leads us to the contradictory conclusion ||^||x(ir) < oo by the small data theory 
(Proposition 13. 7p . 

We apply Lemma 14.31 to {^'n}, so that there exists a subsequence of {"^n} (still 
denoted by the same symbol) with the following properties: There exists 
(i) a nontrivial global solution ^'oo G C(M; ff^(M'^)) to the equation (jl.ip with 



^oo(t) G PW+ for all t G M, 
A4(*oo(i)) = forahtG 



(4.225) 
(4.226) 
(4.227) 



and 

(ii) a nontrivial function $ G PW^, a sequence {t„} in M with lim r„ = Too G M U {±00}, 

n— >oo 

and a sequence {jn} in I^'', such that, putting 

e 



^„ := e3^"^6'^"'^^' 



we have: 



lim ^'„(0) = $ weakly in i?^(]R^), and a.e. m 



lim 

n— >oo 

lim 

n— ^-oo 



lim 

n— >oo 

lim 

n— >oo 



L2 



*„(0) - $ =0, 
e^*^ (§„(0) 
^'oo(-r„,)-6-^"^$ 



L°°(I8;L^'''"^')nX( 

0, 



62 



en(0) 



X( 



0. 



(4.228) 

(4.229) 
(4.230) 
(4.231) 
(4.232) 
(4.233) 
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Note here that the estimate (|3.8p gives us that 



hm 

T-s>oo 



= lim 

X((-oo,-T]) T^oo 



0. 



(4.234) 

We claim that Too G We suppose the contrary that Tqo = +00 or Too = —00. If 
Too = +CX), then (I4.23ip and (I4.234P show that 



X((-CXD,0]) 



< 



X({-oo -r„]) 



X((-oo -r„]) 

as ?i — )■ 00. 



+ 



62*^ U'„(0) 



X((-00 -T„]) 



(4.235) 

Then, the smah data theory (Proposition 13. 7p leads us to that 

ll^llx((-oo,t„]) = ll*nllx((-oo,o]) ^ 1 for all sufficiently large n E N, (4.236) 

where the implicit constant is independent of n. Hence, taking n — ?• 00 in (|4.236p . we 
obtain that 

\Mx(R) < 00, (4.237) 



which contradicts 11^ I 



X( 



00. Thus, the case Tqo = +00 never happens. On the other 



hand, if Too = — 00, then we have by ()4.23ip and ()4.234p that 



e^*^*n(0) 



X([0,+oo)) 



X([-T„,+oo)) 



< 



X([-r„,+oo)) 

as n — )• 00. 



+ 



e5*^ ( ^,(0) - $ 



X((-r„,+oo)) 



Hence, the small data theory (Proposition 13. 7p shows that 



l^llx([i„,+oo)) - 11^ 



SO that 



"llx([o+oo) ^ ^ all sufficiently large n, 
ll^'ll vnn < OO. 



IX([0,+oo)) 

However, (|4.24Up contradicts the our working hypothesis ||^|lx([o +00)) ~ 
always have Too G M. 

We establish the strong convergence in L^'^^IJR.'^): 

lim e^"'^^'(t„) = lim e"5"'"'^$„(0) = 6"^^°°^$ strongly in LP+1(M'^). 

n— >oo n— >oo 

The Gagliardo-Nirenberg inequality shows that 
e"t^"^$„(0) - e-i^°°^$ 

2 



(4.238) 

(4.239) 

(4.240) 

Thus, we 

(4.241) 



< 



< 



e^2^"^^r„(0) - 6-2^°°"^$ 



p+l 


















-1) 








p-1 








-1) 







V ( e~^^"'^^'„(0) - e^5^-^$ 



L2 



(4.242) 
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where the imphcit constant depends only on d and p. This estimate, together with ()4.220p 
and (|4.23ip . immediately yields ()4.24ip . 
Next, we shall show that 

lim e^"'^1'(t„) = lim e"5'^"'^§„(0) = e"5"'°°^$ strongly in H^{M.'^). (4.243) 

n— >oo n— >oo 

Since (j4.230p implies the strong convergence in L^(]R'^), if (j4.243p fails, then we have by 
the weak convergence ()4.229p that 



liminf ||V^„(0)|| r2 = liminf 

n— >oo n— >oo 



V^„(0) ^ > ||V$||^2 , (4.244) 



SO that we have by ()4.24ip that 

lim ^(^„(0)) = lim n{e-^^"^^n{0)) > ^(e-5^°°^$). (4.245) 

n— >oo n— >oo 

Moreover, it follows from (|4.23Up . (|4.245p and (|4.22ip that 

A/2(e~t^-^$) < lim 7V2(^'n(0)) = N^. (4.246) 

n— >oo 

Since ^'oo is the solution to pTT]) with ^ooi-Too) = e"5^°°^$ (see (|4.232p ). the estimate 
(|4.246p . together with the definition of Nc (see (02])), leads to that 

ll^oollx(M) <oo, (4.247) 

which contradicts (|4.225p . Thus, (|4.243p must hold. 

Now, we are in a position to prove A = 1. We take an arbitrarily small number e > 0, 
and fix it in the following argument; we assume that e < | at least. 

Let i?£ > be a number such that 

/ |$(x)|2dx> ||cl>||i.-^ = l-^, (4.248) 

where we have used the fact that ||$||2,2 = 1 (see ()4.219p and (|4.230p ). Then, it follows 
from (ITO3D and (ITOHjl that 

/ \^{x + jn,tn)\'^ dx > 1 - e for all sufficiently large n G N and i? > -Re. (4.249) 

J\x\<B^ 

Combining (|4.216p and (|4.249p . we obtain that 

1 - e < (^1 + -^ A for all sufficiently large n G N and > R^. (4.250) 

Taking e — )■ and n — )■ oo in (j4.250p . we see that 1 < A. Hence, A = 1 as stated above. 

We apply Proposition IE. 21 to and find that: There exist i?^ > 0, Tg > and a 
continuous path G C([Te, oo); M'^) such that 



'\x-y,(t}\<R 



\'^{x,t)f dx>l-e for ah t G [Te,oo) and R > R,. (4.251) 
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We claim that, if necessary, taking i?e much larger , the following inequality holds for 
the same path just found above: 

/ |V^'(x,t)|^ > ||V*(i)||^2 -e for alH G [r^,oo) and > (4.252) 



'\x-ye{t)\<R 

We prove this by contradiction: Suppose the contrary that for any k £ N, there exists 
S [Ts,oo) such that 

/ \Vn^ + yM),tl)\' < \\V^{tl)\\l,-e. (4.253) 

J\x\<k 

Put 

^l{x,t):=^{x + yM),t + tl)- (4.254) 

Then, in a similar argument for we obtain a subsequence of {^'^.j (still denoted by 
the same symbol), a sequence {r^} in M with lim = G M, a sequence {y^} in M*^, 

fc— >oo 

and a nontrivial function G //"'^(M'^) such that 

lim + yl,0) = e"5^-A^o strongly in H^{R'^). (4.255) 

Furthermore, (j4.255p implies that there exists Rs > such that 



i 



|^'(x + ?/£(t^), t^)!^ dx<e for ah sufficiently large /c G N, (4.256) 

|a:-t/0|>i?e 

/" _ |V*(x + ye{tl),tl)f dx > \\V^{tl)\\l2 - e for all sufficiently large A: G N. 

J\^-yl\<Re 

(4.257) 

On the other hand, we have by (|4.25ip that 

/ \^{x + ySl)A)\^ dx>l-e. (4.258) 

J\x\<Rs 

If sup \y^\ = oo, then we can take a subsequence of {y^} (still denoted by the same symbol) 



such that lim \y^\ = oo, so that 



X G M'' 



\x - y°| > I D |x G M"' ||x| < -R^ | for all sufficiently large /c G N. 

(4.259) 

However, the result derived from ()4.256p and ()4.259p contradicts ()4.258p . Hence, it must 
hold that sup|y^| < oo. Put Rq := sup|y^|. Then, it follows from (j4.257p that 



km feeN 



/ \V^{x + ySl)A)\^ dx> [ \V^{x + yei4),tl)f dx 

J\x\<R,+Ro J\x~yO\<R, (4.260) 

>\\V^{tl)\\l,-e, 

which contradicts (|4.25;-{p for k > Re + Rq. Thus, (|4.252h holds. 

Finally, we obtain (j4.16p and (|4.17p from (|4.25ip and (j4.252p , respectively, by a space- 
time translation: regarding ^(x + ?/e(Te), t + T^) as our ^'(x, t) with 'jeit) = ye{t + T^) — 

ye{Te). □ 
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4.4 Proofs of Theorem 11.11 and Corollary 11.51 

We begin with the proof of Theorem ll.li 

Proof of Theorem The claims (i) and (ii) are direct consequences of Proposition [ 
We shall prove (iii). Proposition 13.91 shows that the wave operators W± exist on Q 

and continuous. It remains to prove the bijectivity of W± and the continuity of VF^^. 
We first show that W± is surjective from to Let 'i/'o S -PW+ and let ip be 

the solution to (jl.ip with 1^(0) = ipQ. Since we have shown that Nc = N2 in Section [4.H 

llV'llx(M) < 00. Therefore, it follows from Proposition 13.51 that ip has asymptotic states 

(j)± in H^(K'^). It remains to prove that (f)± ^ ft. 

The energy conservation law ()1.6p and Theorem 11.41 show that 

0<?^(V^o)= lim (||V^(t)||i.-^||V^(t)r^+i,) =||V,^±||i.. (4.261) 



Moreover, the mass conservation law (jl.Sp gives us that 

||</>±||2, = hm 11^(^)11^2 = ||V'o|li2. (4.262) 

Since ipo £ PW+, we obtain from (|4.26ip . (14. 262 p and piil]) that 

J\f2{(l)±) = M2{^o) < N2, (4.263) 

so that 0-1- G fi. 

Next, we shall show the injectivity of W±. Take any (t)+^2 G ^ and suppose that 

W+(l)+^i = W+(j)+^2- (4.264) 

Put Vo = W+(f)+^i = W-^-(p+^2 and let ip be the solution to the equation p.ip with 
-0(0) = "i/'o. Then, we have 



+,1 - 'A+,2||j^i < lim V'(i) - e2*'^(?;)+,i + lim ipit) - e^ 



t— 5.4- 00 




t-5-l-oo 



(4.265) 



so that = 4'+,2- Similarly, we see that W- is injective from ft to 

Finally, we shall prove that W^^ is continuous. Take a function ■0o £ PW^ and a 
sequence {V'o.n} in such that 

limVon = ^o strongly in iJi(]R"'). (4.266) 

Let ijj and V'n be the solutions to (jl.ip with -0(0) = ^0 and ipn{0) = ipnfi- Since ipo, Vo,n £ 
PW+ and iVc = iV2, we have by (gS]) that 

Il'^llx(i8) < 00, IIV'nllx(K) < oo- (4.267) 

Note that since ||'0llx(R) ^ ^'^j ^^'^ S > 0, there exists > such that 

U\\xm,oo)) < <5- (4.268) 

Now, we put 

Wn=^n- ^- (4.269) 
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Then, it follows from the inhomogeneous Strichartz estimate ()3.1ip . an elementary in- 
equality (|D.2p and the Holder inequality that 



n\\xi[to,h)) 



< 
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(t-to)A 



w{to) 



Xi[to,h)) 



+ c 



A'(Lti)) + ll^"ll-Y([io,ti)) 



^n\\x{ltQ,ti)) 

for all < tQ < ti < oo, 



(4.270) 



where C is some constant depending only on d, p and qi. We claim that 



lim ll^nl 



for ah S e (0, 



1 

1+4C) 



1 



(4.271) 



where C is the constant found in ()4.270p and Ts is the time satisfying ()4.268p . Let e be 
a number such that 

1 



1 



< e < -— . (4.272) 

V(l + 4C7)py ^ ' 

Then, the estimate (j3.8p and the continuous dependence of solutions on initial data show 
that there exists Np £N such that 
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(t-Ts) 



We define a time Ts^n by 

Ts^n = supjt > 



x{ 



< £ for all n > N^. 



n\\xi[Ts,t)) 



<(1 + 



AC)e] . 



(4.273) 



(4.274) 



For ()4.27ip . it suffices to show that Ts^n = oo for all n > Ng,. We shall prove this. Note 
that (|4.270p with to = Ts, together with (|4.273p . imphes that Ts^n > Ts for all n > N^. 
Supposing the contrary that Ts^n < oo for some n > N^, we have from the continuity of 
Wn that 

ll^"Hx([T,,r,,„]) = (1 + 4C)e. (4.275) 
However, (OTO]) . together with (MHD . K272\\ . (073|) and (lOTSH . shows that 



kn|lx([T„T,„]) < e + (^"~' + (1 + 4C)^-'e^-') (1 + ^C)s 



<e + 2Ce for all S e (0, 



T+4cy 



1 

p-1 



(4.276) 



and n> Np 



This is a contradiction. Thus, we see that T^ ^, = oo for all n > N^. 

Besides ()4.27ip . we see that there exists 6o > depending only on d, p and qi such 
that 

(4.277) 



lim ll'^nllsfrr, oo)) = f^^' ^-U 5 G (0, 5o) 



Indeed, the Strichartz estimate, together with ()D.2p . yields that 

lkn|l5([T,,oo)) ^ \\Wn{Ts)\\L2 + (ll V'llx{[T,,oo)) + ll^nllx([T,,oo))) ll^nlls([T,,oo)) ' (4-278) 

where the implicit constant depends only on d, p and qi. This estimate, together with 

mm, gives mw)- 
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We claim that 



lim llV'n - V^ILoofrrool-Hi) = 1™ ll'^"llL°°aT ooVHi) = sufficiently large T > 0. 

(4.279) 

Considering the integral equations of (9jV ^-rid SjV'n. for 1 < j < n, we obtain that 



+ 



L'-o([T«,oo);L9i) 



+ ||l^nr V'n (^^•^-^^■^)IL'-i([T„oo);L'i) 



+ |||^„r3^2_|^|p-3^2|| 



(4.280) 



where the implicit constant depends only on d, p and q\. This estimate, with the help of 
dOTTD and (077D . leads to (079D . 

Now, put = M^+^V^o.n- Then, we have by (j4.279p that 



+ ||^„(t)-^(t)||^l 

— )• as t — )■ oo and n — )• oo. 



(4.281) 



Thus, we have proved that W+ is a homeomorphism from 17 to PW^. Similarly, we can 
prove that W- is a homeomorphism from $7 to PW^. □ 

We shall give the proof of Corollary 11.51 

Proof of Corollary \1.5[ Let /i,/2 G U {0}. Then, Theorem 11.11 shows that the 

corresponding solutions "01 and '02 have asymptotic states at +oo. Hence, it follows from 
Theorem 11.41 that 

(4.282) 



lim ||V'i(OIIlp+i = 11^^2(^)11^^+1=0, 



so that we can obtain 
lim 



^, = for aU q G (2, 2*) and j = 1, 2. 



(4.283) 



Since the solutions are continuous in H^(K'^), we find by ()4.283p that fi and /2 are 
connected by the path {V'i(t) I t > 0}U{0}U{V'2(i) I t > 0} in L«'(M°') with g G (2,2*). □ 
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5 Analysis on PW_ 

We shall give the proofs of Theorem \1.2\ Theorem 11.61 Proposition 11.31 and Proposition 
Ol 

We begin with the proof of Theorem 11.21 We employ the idea of Nawa 06] . Here, 
the generalized virial identity below (see (|A.20p ) plays an important role: 

{WR,\m\') 

= {Wr, IV'oI') + 2t<^{wn • VV'o, V'o) + 2 / / /C(^(t")) dt"dt' 



JO JO 

-2 r r }c^ii^{t"))dt"dt' f fiAidiY wR),\i^{t")\'^)dt"dt'. 

Jo Jo 2 Jo Jo 

Proof of Theorem ] Since we have already proved ()1.52p (see Proposition 12 . 6p . proofs 
of (jl.53p and (|1.54p remain. For simplicity, we consider the forward time only. The 
problem for the backward time can be proved in a similar way. 

Take any -00 £ PW- and let ip be the corresponding solution to our equation (jl.ip 
with '(/'(O) = ^0- When the maximal existence time T^^-^^ < oo, we have ()1.53p as 
mentioned in (jl.4p . Therefore, it suffices to prove (jl.54p . 

We suppose the contrary that (|1.54p fails when T+g^^, = oo, so that there exists i?o > 
such that 

Mo := sup / \Vi;{x,t)\'^ dx < oo. (5.1) 

tG[0,oo) ^|x|>i?,o 

Then, we shall derive a contradiction in three steps. 

Stepl. We claim that: there exists a constant mo > such that 



mo < inf < / \v{x)\'^ dx 
\J\x\>R 



for all R>0, 



(5.2) 

where Eq = B{ipo) — ^(^o) > 0. Let us prove this claim. Take any v G i7^(M'^) with the 
following properties: 



IC''{v)<-^eo, ||Vt;||i2(|,|>^) < Mo, \\v\\l^<Uo\\l^- (5-3) 



Note here that the second and third properties in (|5.3p shows that 

\Mmi\x\>R) < ||V'o|li2 +Mo. (5.4) 
We also have by the first property in ()5.3p and ()A.28p that 



4 

Now, we define p^, by 



^£o<-}C^{v)< [ p3{x)\v{x)\P+Ux. (5.5) 

J\x\>R 



_ 2p-l if d = l,2, 
P*-S 2*-l a d>3. ^^-^^ 
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Then, the Holder inequahty and the Sobolev embedding show that 

r (p-i)(p*+i) (p~i)(p,+i) 

/ P3(3;)|r;(x)|P+ld2; < ||p3||L-|b|li2(|,|>4*"' ll^llLP.+i|>iJ) 

J\x\>R ^57) 

p I ;^ (p-l)(p*+l) (p-l)(p.+l) 

< llp3||L°°lblli2(|3.|>^)* ll^ll//iQx|>iJ) ' 



where the hnphcit constant depends only on d and p. This estimate, together with ([^ 
and ()5.5p . yields that 



^ \HLV\..\>m* ' ' (5-8) 



(p-l)(p.+l) ~ ll''llL2(|x|>il) 



IIP3||i,°° Y ||V'o|li2 + Mo 

where the implicit constant depends only on d and p. Since HpsHloo < 1 (see (TOB V the 
estimate (jS.Sp gives us the desired result (j5.2p . 



Step2. Let mg be a constant found in (|5.2p . Then, we prove that 

sup / \ip{x,t)\'^ dx < mo (5.9) 

0<t<oo J\x\>R 
for all R satisfying the following properties: 

R > Ro, (5.10) 

— ^llV-ollia <eo, (5.11) 

\ipo{x)\'^ dx < mo, (5.12) 

|x|>H 

(^1 + ^ llVVollia) (W^iJ, IV'ol') < "io, (5.13) 

where K is the constant given in ()A.2p . We remark that Lemma IA.2I shows that we can 
take R satisfying (j5.13p . 

Now, for > satisfying (l5T0]l - (f533]l . we put 

Th = sup J T > 



sup / |V'(x,t)r < mo > . (5.14) 

0<t<Tj\x\>R J 

Note here that since tp £ C(M;L2(M"')) and ip{0) = ^q, we have by ([5l^ that Tr > 0. 
It is clear that Tr = oo shows ()5.9p . 

We suppose the contrary that Tr < oo. Then, it follows from tp G C(M; L^(M'^)) that 

/ \i;ix,TR)\^dx = mo. (5.15) 

J|x|>_R 

Hence, the definition of mo (see (j5.2p ). together with (|5.ip . (jS.lUp and the mass conser- 
vation law ()1.5p . leads us to that 

-^eo</C^(V'(T,i)). (5.16) 
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Moreover, applying this inequality ()5.16p and ()1.52p (or ()2.4ip ) to the generalized virial 
identity (jA^Q]), we obtain that 

Tn rt' (5-17) 



+ leoTl -^l"" I (A(divu;«), dt" dt' . 



Here, the estimate ()A.9p . the mass conservation law (jl.5p and (jS.lip show that the last 
term on the right-hand side above is estimated as follows: 



J^{A{divwR),mt")\')dt"dt'<^J^ 



(5.18) 



Therefore, we have 



{Wr, |V'(Tr)|2) < {Wr, \^Po\^) + 2Tr^{wr ■ V^o, V'o) - ^r|eo. 

= {WrM'') - \eATR- -%WR-Vi^o.il}o)\ +1|(^Z;r.V^/'o,V'o)|' 

< {WrMo?) + - \{WR-Vi^^,i>at 
<{WR,m^) + -\\VM\l2 I Wr{x)\Mx)? dx, 

(5.19) 

where we have used the Schwarz inequality and (jA.Sp to derive the last inequality. Com- 
bining this inequality (|5.19p with ()5.13p , we see that 

{Wr, |V'(Tr)|2) < (l + ^ l|VV'o|li2) {Wr, I^oI') < R'rno. (5.20) 

On the other hand, since Wr{x) > B? for > R (see (|A.4p ). we have 

/ \^Ij{x,Tr)\^ dx = ^ [ R^mx,TR)\^dx<^{WR,\i;{TR)\''). (5.21) 

J\x\>R J\x\>R -n- 

Thus, it follows form ([OUP and (fOT]) that 

/ \^P{x,TR)\^dx <mo, (5.22) 

J\x\>R 

which contradicts ()5.15p . so that Tr = oo and ()5.9p hold. 

StepS. We complete the proof of Theorem 11.21 The definition of niQ, together with the 
mass conservation law ()1.5p . ()5.ip and ()5.9p . shows that 



^0 < IC^{i^{t)) for all > satisfying (I5l0])-(I533D, and alH > 0. (5.23) 
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Applying this estimate (|5.23p to the generahzed virial identity (|A.20p . we obtain the 
following estimate as well as Step2 (see ()5.17p and (jS.lSp ): 

1 



{Wr, \mn < (Wr, iVor) + 2tQ{wR ■ Wo, ^o) - i:t'eo for all t > 0. 



(5.24) 



This inequality means that {Wr, |V'(i)P) becomes negative in a finite time, so that T^^^ 
must be finite. However, this contradicts Tj^^^ = oo. Hence, ()5.ip derives an absurd 
conclusion: Thus, p.54p holds. □ 

Next, we give the proof of Theorem 11.61 

Proof of Theorem \1.6[ Let ■00 be a radially symmetric function in PW- , and let ip be 
the solution to (jl.ip with V'(O) = ipo- 

To handle the term containing /C^ in the generalized virial identity (|A.20p for -0, we 
consider the following variational problem, as well as Lemma 3.3 in |46j : 

Lemma 5.1. Assume that (i>3, 2 + ^<p+l<2*, and p < 5 if d = 2. Then, there 
exists > and > such that 

\\v\\l2 < 



< inf ■ 



\x\>R 



\v{x)\'^ dx 



for all R> R^, 



where H^^^{W^) is the set of radially symmetric functions in H^iJR.'^), and Eq = ^("00 ) 
Bi^o) > 0. 

Proof of Lemma \5.1[ We take a function v G H^^^(M.'^) with the following properties: 



JC^'iv) < --80, 



\v\\l^ 



< 



(5.25) 
(5.26) 



where i? is a sufficiently large constant to be chosen later (see ()5.32p ). Since v G H^^^iji 
K,^{v) is written as follows (see Remark lA.ip : 



/C^(^) 



po{x)\Vv{x)\^ dx 



P3 



'x)\v{x)\P+^ dx. 



(5.27) 



Hence, it follows from (|5.25p that 
1 



po{x)\Vv{x)\^ dx < -K^iv) + / po{x)\Vv{x)\^ dx 

P3{x)\v{x)\P+Ux. 



(5.28) 



To estimate the right-hand side of (|5.28p , we employ the following inequality (see Lemma 
6.5.11 in [E]): Assume that d > 1. Let k be a non-negative and radially symmetric 
function in C^(M'^) with \x\-^'^-'^^ max{-^, 0} G L°°(M'^). Then, we have that 



<K5 



1 

2 

L2 



I ,-{.-i)^^V/ 



+ 



L2 



x| ^'^ max 





1 

2 






II 


/ij 



(5.29) 



for aU / G H}^^{R''), 
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where > is some constant depending only on d. 

This inequahty dSSS]), together with ([AST]), ()X32]l and supp/93 = {\x\ > R} (see dS^Zl)), 
yields the following estimate for the right-hand side of (|5.28|) : 



P3(x)|t;(x)|P+^dx 



1 _^ r 5^ 
< IIpI^IIl- / {x)\v{x)\^dx 



-p-i 



p-i 



+ 



L2 



max < r^, — , U 



X 



1 >. p-i 



5-p 



p-1 



< 2 . i \\y\\ 2 



(5.30) 



for some constant Cp > depending only on p. Moreover, using p < 5 (so that < 2), 

||^^||l2 < IIV'o||l2, and the Young inequality {ab < ^ + ^ with ^ + = 1), we obtain 
that 



R.H.S. of dOn]) < 



5-p 



4 ii"iiL2(|a;|>ij) llVPsVvll^a + — 



2 , 5-p / Cpiiv^oiii.Kr^Kg^ 



d(£-12 

2 



(5.31) 



If R is so large that 



5-p Cp llV'o 



5-p \ 5-p 



+ 



STTTn ^ 0^0, (5-32) 



d{p-i) 



4 \ ji^{d-i) 
then (f5:28D . together with (fOO]) and (lOB . shows that 

Po{x) - ^^-v^\\v\\lm^\>R)P3{x) \ \Vv{x)\'^ < - J. 



Hence, it must hold that 



inf 



Po{x) ^ P- 1|| ||2 



< 



which, together with ()A.33p . gives us the desired result. 



(5.33) 

(5.34) 
□ 
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The following lemma tells us that the solution tp is well localized: 

Lemma 5.2 (cf. Lemma 3.4 in [1^). Assume that d>l, 2 + ^<j> + l< 2* , and p < 5 

if d = 2. Let and m* he constants found in Lemma \5.1\. Then, we have 



^max = sup i T > 



sup / \ilj{x^t)\^ dx < 
li<t<T J\x\>R 



0<t<T J\x\>R 

for all R with the following properties: 

R>R^, (5.35) 

Wd^K,, , „2 / N 

^2 < £0, (5.36) 

|^o(a^)P dx < ?n*, (5.37) 

\x\>R 

^2(1 + ^ llVVollia) {Wr, l^oP) < m,. (5.38) 
Proof of Lemma\5^ For i? > satisfying ()5.35p - ()5.38p . we put 

Tr := sup i T > 



sup / \ip{x,t)\ dx<m^\. 

0<t<Tj\x\>R J 

We suppose the contrary that Tr < T+^^, so that it follows from -0 e C([0, T+^J; L'^{R'^)) 
that 

/ \'ipix,TR)\'^dx = m^. (5.39) 

J\x\>R 

Hence, we obtain by Lemma |5. II that 

- ^eo < iC^iHTR))- (5.40) 



Then, the same computation as (|5.17p - ()5.22p yields that 

/ \^iTR,x)\^dx <m,, (5.41) 

J\x\>R 

which contradicts ()5.39p : Thus, Tr = T^^^^. □ 



Now, we are in a position to complete the proof of Theorem 11.61 
Proof of Theorem \1.6\ (continued) We take R > satisfying (j5.35p - ()5.38p . Then, Lemma 
15.21 gives us that 

/ \tp{t, x)p dx < for all t £ [0, T+^^). (5.42) 

J\x\>R 

Moreover, Lemma 1 5. 11 together with ()5.42p . shows that 

_^</C«(^(t)) forahtG [0,r+^). (5.43) 
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Applying ()5.43p and ()1.52p to the generalized virial identity ()A.20p . we obtain that 

{Wr, < (Wr, I^oI') + 2tQ{wR ■ V^o, V'o) - £0*' 

1 1 ft rt' (5.44) 

+ l^ot'--J^ /o (^(div^I;^),|^(t")l')^^«. 

Here, it follows from ()A.9|1 . the mass conservation law (jl.Sp and ()5.36p that the last term 
on the right-hand side above is estimated as follows : 

-i f f {^{di^wR)M{t")\')dt"dt' <\ff \W')\\l. dt"dt' 

° ° ° ° (5.45) 

1 2 

< -sot'. 

Combining ()5.44p with (|5.45p . we obtain that 

{WR,m)f) < {WR,\^^Jo\^)+2t^iwR■ViJo,i^o)-lt^eo. (5.46) 

This inequality means that {Wr, |'0(*)P) becomes negative in a finite time, so that T+j^^ < 
oo: This fact, together with ()1.4p . shows ()1.59p . 

Now, we shall show the claims (i)-(iii) in Theorem 11.61 

We can find that Lemma 15.21 is still valid if we replace m* with any m G (0, m*). 
Thus, we see that (i) holds. 

We next consider (ii). Since we have (|A.29p . in order to prove p.6ip . it suffices to 
show that 

/ (^max ~ ( / Po(a;)| V'i/'(a;, t)|^ dx ] dt < oo for all sufficiently large R> 0. 
Jo KJr'I J 

(5.47) 

Let us prove this. Integrating by parts, we find that 

( I Po{x)\Vil:{x,t')\'^ dx^dt' 

(5.48) 

/ (/ PQ{x)\Vi^{x,t")\^ dx] dt" dt' forant>0. 

This formula ()5.48p and the generalized virial identity (|A.20p lead us to the following 
estimate: 

{t-t')( [ po{x)\V4^{x,t')\'^ dx^ dt' 



< {Wr, l^ol') + 2t'^{wR • Wo, ^o) + 2 /* /* lC{^P{t")) dt"dt' 

Jo Jo 



+ 2 l\t - t') psix^x, t')r+^ dx^ " ^ / 



t ft' 

(Aidiv WR),\^lJ{t")\'^)dt"dt'. 







(5.49) 
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Here, applying the estimate ()5.45p to the right-hand side of ()5.49p (abbreviated to R.H.S. 
of (|5.49p l. we have that 

R.H.S. of < {Wr, I^oP) + 2t'^{wR • ViPo,i^o) - e^f 

rt / r \ (5.50) 



+ 



2 ^ (t - t') p^{xmx, t')r+' dx^ dt' + '-^t'. 



Moreover, taking R so large that (|5.32p holds, we find by the same computation as 
(ICTD - dOB that 

PsixMix, t)r' dx<^ \\m\\lm.\>R) £ PsixWix, t)\'dx+'-^. (5.51) 
Combining ()5.49p . (|5.50p and ()5.5ip . we obtain that 

^\t-t') |po(x) - ^ IIV'(t)lli2(|,|>«)P3(x)} |VV^(x,t)|2dx) tft' 
< {Wr, \^o\') + 2tQ{wR ■ Wo, V'o) - yt' ^^-^^^ 



for ah > satisfying ([02]) and (f5:35D -(l5: 



Here, using the result of (i) (the formula ()1.60p ). we can take a constant Ri > such 
that ^ ^ ^ 

||V'(i)lli2(|x|>iJi) ^ 2 foi' all i e (5.53) 

where K4 is some positive constant found in (|A.33p . Therefore, ()5.52p . together with 
and (|X33]1 . shows that 

(t -t')( [ po{x)\Vi;{x, t)\^ dx^ dt' 



< {Wr, IV'oP) + 2tQ{wR ■ VV'o, V'o) - for all sufficiently large R and t G [0, T+^x)- 

(5.54) 

This, together with (1X281) and (IXMl) . gives (fL6T]l . 

Once (jl.6ip is proved, we can easily obtain (jl.62p . Indeed, (|5.5ip . together with (jl.6ip 
and ()A.30p . immediately yields ()1.62p . Thus, we have proved (ii). 

Finally, we prove (iii). We take i? > so large that ()1.6ip holds valid. 

To prove (jl.63p . we employ the radial interpolation inequality by Strauss |51j : 

ioo < ^ 11/11^2 ||V/||^. for ah / G //.^(M'^), (5.55) 
where the implicit constant depends only on d. 

This inequality ()5.55p , together with ()1.6ip and the mass conservation law ()1.5p , gives us 

(IEMD. 

The estimate ()1.64p follows from ()1.63p and the inequality 

Lp+M|x|>R) ^ ll^o|li2||V'(i)ll?.^Vl>i?)- 
We obtain (fTUSj) and (rM\i from (fTUHj) and (fTM]) . respectively. □ 
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We also have variants of (|1.63p - (|1.66p . For example: in their proofs, replacing R by 
^(^max - we obtain 



^ IT 



dt < oo 



L°-{\x\>R{T+^-t) 2(d-i)) 



and 

p-1 



dt < oo. 



LP+i(|x|>R(T+ax-t) ^('i-i)) 



1 



Moreover, replacing R by R{T^g^^ — t) ^.-i in (|1.63p and (jl.64p . we obtain 

liminf||^(t)||2 =0 

t^T+ax L°° |x|>_R(T+ax-i) ''-I 



and 

liminf . 1 x = 0, 



t->T+ax LP+1( |x|>R(T+ax-t) ''-I 

respectively. 

Now, we shall give the proof of Propositions 11.31 

Proof of Proposition \1.3[ Suppose that is a solution to the equation (jl.ip satisfying 
that 

limsup 11X7^^(^)11^2 = limsup = oo. (5.56) 

'' '-^max ^ '^-'-max 

Then, there exists a sequence {injneN in [0,71^3^) such that 

lim tn = r+ax> (5-57) 

71-4-00 

||V'(t„)||^,+i = sup ||V'(t)|lLP+i- (5-58) 

i6[0,t„) 

Using such a sequence {tnjneNi we define a number by 

(p-i)(p+i) 

\n = \mn)\\L:tr'''-''' , nGN. (5.59) 

It is easy to see that 



lim A„ = 0. (5.60) 

n— >oo 

We consider the scaled functions defined by 



iJn{x, t) := ^{XnX, tn " Xlt), (x, t) G M'^ X 



T+ — t t 

^ max j21 

AH A? 



n G N. (5.61) 
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We can easily verify that 



d(p-l)-4 



\ji for all t £ - ""Ya , |f 



2(P+1) 
p-1 



IWCV'nli)) = An''-^ ?^(V'o) foralHG 



— / / 

max '^n i^n 



sup ||'(/.„v'';iiLP+i 
If] 



where we put '00 = "0(0)- Besides, we have that 

sup ||V0„(t)||^2 < 1 for ah sufficiently large n G N. 



(5.62) 

(5.63) 

(5.64) 
(5.65) 

(5.66) 



Indeed, (|5.64p and (|5.65p lead us to that 

l|V^n(i)||i2 =1^(0„(t))+ ^ 



P+ 1 



p+1 



2(P+1) 



(5.67) 



< \n'-' ?^(V'0) + all * e [0' P-] ' 

n + 1 L A„ J 



p + 

which, together with (|5.6U|) . immediately yields (|5.66p . 
Now, we suppose that 



so that {0n} satisfies that 



sup 

n6N 



(5.68) 



(5.69) 



Take any T > 0. Then, extraction of some subsequence of {V'n} allows us to assume that: 

sup ||V'n(t)|L4(p_i) < 1, sup ||V'n(t)|lLP+i = 1, sup || VV'„(i) ||^2 < 1 for all n G N, 
t6[o,r] te[0,T] tG[0,T] 

(5.70) 

where the implicit constant is independent of n. The condition ()5.70p enable us to apply 
Lemmata IC . 1 1 and IC . 21 so that: There exist a constant 5 > and a sequence {ynjneN in 
M"^ such that, putting V'n(a;, t) = '(/'n(3; + 2/n) *)) we have 



V'n(- + yn,t) nSi(O) >1 forahnGN, (5.71) 



sup L'^ 

te[o,T] 

where -Bi(O) = {x G ]R'^||x| < 1} and the implicit constant is independent of n. Besides, 
we have by (f^rU^ and (fHTTOD that 



2i^ + AV^„ + |0„|f-Vn = O inM'^x[0,T], 
V^n G C([0,r];ifi(M'^) n LP+^(R'^)) for all n G N, 



sup 

t6[0,T] 



V'n(i) 



1, sup 

te[o,T] 



VV'n(t) 



L2 



< 1 for all n G N. 



(5.72) 
(5.73) 
(5.74) 



81 



We shall prove that {tl^n} is an equicontinuous sequence in C([0,T]; L^(r2)) for any com- 
pact set C M'^. Let x be a function in C^(M'^) such that x = 1 on J7. Then, we can 
verify that 



* d 



2 

L2 



dt' 



X'^n{t') - Xi^n{s] 



L2 



dt' 



= 2k/ / x{x){dt^n){x,t'){x{x)i'n{x,t')-x{x)i}n{x,s)\dxdt' for ah s, t G [0, T] . 

(5.75) 

This identity (|5.75|) . together with (|5.72|) . yields that 

2 



< 2|t - S 



2 

L2 



< 2\t - s\ 



Xdt^' 



L°°{[0,T];_H'-i) 



^""{[O.r];//-!) 



+ 



L°°([0,T];//l) 



L°°{[0,T] 



(5.76) 



L°°{[0,T];L2) 



+ 



(Vx)^. 



L°°([0,T];L2) 



+ 



L°°([0,T];L2)_ 

for all s,t G [0,r]. 



We consider the terms in the first parentheses on the right-hand side of ()5.76p . They are 
estimated by the Sobolev embedding and the Holder inequality as follows: 



X^'^n 



+ 



L°°{[Q,T]:H-^) 

A(x^„) - (Ax)^„ - 2VxV^„ 



L°°([0,r];_H"-i) 
+ 



L°°{[0,r];_H'-i) 



< 



yiX^n] 
+ 



L°°([0,T];L2) 

xim^-^^n 



+ 



(Ax)V'n 



£+1 + 

L°°([0,T];L P ) 



XdVn^-Vn) 



L°°([0,T];/i'-l) 
L°°([0,T];L2) 



p+i 

L°°{[0,T];L V ) 



(5.77) 



< llVxIl 2(p+i) V'ri 



L°°([0,T];LP+l) 



+ llxl 



+ llxl 



L°°([0,T];LP+i) 
p+1 

L°°([0,T];LP+l) 



+ l|Vx|| 



L°°([0,T];L2) 



L°°([0,T];L2) 
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where the imphcit constant depends only on d and p. On the other hand, the terms 
in the second parentheses on the right-hand side of ()5.76p are estimated by the Holder 
inequality as follows: 



L°°([0,T];L2) 



< 2 11x11 , 2(p+l) 



+ 

L°°([0,T];L2) 



L°°([0,T];L2) 
L°°{[0,T];L2) ■ 



(5.78) 



L°°([0,T];LP+i) 

Hence, combining these estimates ()5.76p - ()5.78p with ()5.74p . we obtain that 

2 



L2{n) 



<\t- 



(5.79) 



where the implicit constant depends only on d, p and il. (x is determined by fi). Thus, 
we see that {i^n} is equicontinuous in C{[0,T]; L'^{Q.)) for all compact set Q C M'^. 

The estimate (|5.79p , with the help of the Gagliardo-Nirenberg inequality and (|5.74p , 
also shows that {V'n} is an equicontinuous sequence in C([0, T]; L'^(r2)) for all compact 
set C M'^ and g G [2,2*). Hence, ()5.74p and the Ascoli-Arzera theorem, together with 
()5.7ip and (|5.72p . yield that: There exist a subsequence of {tpn} (still denoted by the 
same symbol) and a nontrivial function tpoo G L°° {[0, oo); {M.'^) nLP+^(]R'^)) such that 

lim = V-oo strongly in L°°([0, T]; Ll^{R'^)) for all q G [2, 2*), (5.80) 



lim Vipn = VV'oo weakly* in L°°([0, T]; L'^ {R'^)) 



(5.81) 



2i 



dt 



+ A^oo + |^oor"Voo =0 inP'([0,oo);if-i(M'^) + L'^(R^)). (5.82) 



Finally, we hall prove the formula ()1.72p . The Lebesgue dominated convergence 
theorem leads to that for all e > 0, there exists R > such that 



L 



I^oo(0)|^dx>(l-e) / |Voo(0)|^fix. 



|a:|<J? 

Combining this estimate with the strong convergence ()5.80p . we have that 



(5.83) 



lim 



\x\<R 



|Vn(x,0)|^dx > (1-e) / |Voo(0)|^dx 



(5.84) 



Hence, it follows from (j5.84p and the relation 



/ 

J\x\ 



d(p-l) 

\'>pn{x,0)\ 2 dx 



d(p-l) 
I 2 



|a:-A„?/„|<A„_R 



(5.85) 
□ 



Proof of Proposition \1.4\ We use the same assumptions, definitions and notation in Propo- 
sition 11.31 except the condition (jl.7ip . 



'\x\<R 

that the desired result holds. 

Finally, we shall give the proof of Proposition 11.41 
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We find from the proof of Proposition 11.31 that: For all T > 0, there exists a subse- 
quence of {^n} in ^^([0, T]; H^(K'^)) (still denoted by the same symbol) with the following 
properties: 

sup ||V'n(t)|lLP+i = 1 for ah n EN, (5.86) 

te[o,T] 

sup ||V'i/'„,(t)IL2 < 1 for all n G N, (5.87) 

ie[o,r] 

+ A^r. + IV'nr" = in X [0, T]. (5.88) 
For such a subsequence {ipn}, we define renormalized functions by 

$^^(x, t) = Vn(x, t) - e5*^^„(x, 0), n G N. (5.89) 
Here, it is worth while noting that 

<^^^ eC{[0,T];H\M.'^')) forallnGN, (5.90) 

^RN{t) f e5(*-*')^|V;n(t')r" Vn(t') dt' for all n G N. (5.91) 
We shall show that 

sup||<^^^||^^ 1 <Ct (5.92) 

for some constant Ct > depending only on d, p and T. Applying the Strichartz estimate 
to the formula ()5.9ip . and using ()5.86p . we obtain the following two estimates: 

< T^-lfr^ \U \\P (5.93) 



< T 4(p+l) 



UU.JJ.-t- ; "i4(p+i)-d(p-i) ([o,T];L~) 



]^ d(p-l) , 

<r ^t^'+l) ll^n|lioo([o,T];LP+i) |(£±i),, , (5.94) 

' J' ^ Ld(p-i) ([o,T];LP+i) ^ ^ 



1 d(p-i) 
< 2(p+l) ||VV>„|| 

L^(?^([0,r];LP+i) 

where the implicit constants depend only on d and p. Therefore, for the desired estimate 
()5.92p , it suffices to show that 

supllVV'nII 4(p+i) < Dt (5.95) 

nSN L'^fP-i) ([0,T];LP+l) 

for some constant Dx > depending only on d, p and T. Here, note that the pair 
(p + 1) d(p-i) ) admissible. In order to prove (I5.95p . we introduce an admissible pair 
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(g,r) with g = p + 2 if d = 1, 2 and g = ^(p + 1 + 2*) if d > 3, so that p+l < q <2*. 
Then, it follows from the integral equation for ipn and the Strichartz estimate that 

||VV'n|lLr([o^T];L9) 

< l|VVn(0)||i2 + ||V(|VnrVn)|| 4(p+i) 

i4(p+l)-d{p-i) ([o,T];L^5-) 

< l|V^n(0)IL2 + IIV^nir ^(U)(P-l) llV^nll ^(p+i) 

Ld+2-(d-2)p([o,T];LP+l) Ld{P-l) ([0,T];Lp+1) 

< IIVV'nWIL. +r'^^i(FrT^ IIV'n||^-\[0,T];LP+i) II VV'nlll^^lSj II || ["j^i,) , 

(5.96) 

where the implicit constants depend only on d and p. Combining ()5.96p with ()5.86p and 
()5.87p . we obtain that 



d+2-(d-2)p - '^^i'-'L, 

l|VV'n|li.([0,T];L.)<l + r '^'^'^ II V^n II 1' ' ^^'^'^^ 



where the implicit constant depends only on d and p. Since < (^^'^^2){p+i) ^ 
estimate, together with the Young inequality {ab < ^a'^' + y^'^' for 7,7' > 1 with ^ + y = 
1), yields that 

(g-2){d+2-(d-2)p} 

l|VVn|li.([o,T];L.) ^ l+T , (5.98) 

where the implicit constant depends only on d and p. Hence, interpolating (|5.87p and 
SKMh . we obtain SKMh . so that holds. 

Next, we shall show that {^n^} is an equicontinuous sequence in C([0, T]; L'^(]R'^)) 
for all q G [2, 2*). Differentiating the both sides of ()5.9ip . we obtain that 



t 



5tfrw = ^iV'n(t)rVn(t)-^A ei(*-*')^i^„(t')rVn(t')rft' 



(5.99) 



This formula ()5.99p and the Holder inequality show that 

= 25? r / dt^^^ix,t') {^^^{x,t') - ^^^{x,s)} dxdt' 
Js Jr^ 

<\t-s\U\\P W^^^W + It - si IIV$^^II^ 

^ *MI'/^nllL°°([0,T];LP+i) ll^n 1 1 L°° ([0,T] ;Lp+1) ^ I •^Mr^n 1 1 L°° {[0,T];L2) ' 

where the implicit constant depends only on d and q. Combining this estimate with 
(fSlMjl and dEM]), we obtain 

||^.^^(t) - ^ns)\\l, <\t-s\ for all s,t G [0,T], (5.101) 



(5.100) 
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where the imphcit constant depends only on d, q and T. Moreover, the GagUardo- 
Nirenberg inequahty, together with ()5.92p and ()5.10ip . shows that {$^^} is an equicon- 
tinuous sequence in C{[0,T]; Li{R'^)) for ah q G [2,2*). 

Now, we are in a position to prove the main property of {$^^}, the alternatives (i) 
and (ii). We first suppose that 

lim sup , =0. (5.102) 

Then, a direct calculation immediately yields (|1.77|) . 
On the other hand, when 

A:=limsup sup ||$^^(t)||^p+i > 0, (5.103) 

n->oo te[0,T] 

we can take a subsequence {$^^} (still denoted by the same symbol) such that 

sup ||«>^^(t)||^p+i > - for aU n G N. (5.104) 

t£[0,T] ^ 

This inequality (|5.104p and the uniform bound ()5.92p enable us to apply Lemmata IC.ll 
and lC.2[ Thus, we find that there exist a constant 6 > and a sequence {ynjneN in 1^'' 
such that, putting $^^(x,t) = $^^(2; + yn,t), we have 

6' 



sup C 

tG[0,T] 



>2 



nBi(O) >C (5.105) 



for some constant C > being independent of n. Besides, we find by ()5.92p and ()5.10ip 
that: {$^^} is 

a uniformly bounded sequence in C{[0,T]; H^{R'^)), and (5.106) 

an equicontinuous sequence in C([0, T];Li{R'^)) for ah q G [2, 2*). (5.107) 

Hence, the Ascoli-Arzela theorem, together with (j5.105p . gives us that: There exist a 
subsequence of {$^^} (still denoted by the same symbol) and a nontrivial function 
$ G L°°([0,oo);/fi(M'^)) such that 

lim = $ weakly* in L°°([0, T]; i7i(M°')), (5.108) 



lim = $ strongly in C([0, T];Ll(R'^)) for all q G [2, 2*). (5.109) 

n— !>oo 



It remains to prove (|1.80p - (|1.82p . We find by (|5.86p that: There exists a function F G 



L°°{[0,oo);L'~T{R'^)) such that 



lim IV'nT'Vn, = weakly* in L~([0,r];L^(M'^)). (5.110) 



n— >oo 



Then, it follows from the equation ()5.99p and ()5.108p that 



(9$ 

2i— + A$ + F = 0. (5.111) 



Here, if -F were trivial, then $ is so since $(0) = lim (0) = 0. Therefore, F is 

n— >oo 

nontrivial. 

We can prove the formula (|1.82p in a way similar to the proof of (|1.72p (cf. the 
estimates (l5^ - (ISlSSjl ). □ 
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A Generalized virial identity 

The proofs of Theorems 11.11 [L2] and [L6l are based on a generahzation of the virial identity. 
To state it, we first introduce a positive function w in VF^'°°([0, oo)), which is a variant 
of the function in IMHSlHOl: 



wlr] 



if < r < 1, 



r-(r-l)i(-^)+i .f l<r<l+(,^;^*-^^ 

2 

2 \ d(p-l) 



smooth and w' < if 1 + ^ 



d(p-l)+2 



< r < 2, 



if 2 < r. 

Since w is determined by d and p only, we may assume that 

K ■= Iklliys.oo < 1, 

where the implicit constant depends only on d and p. Using this w, we define 
wb{x) = {w]i{x), . . .,w'}i{x)) := ^^Rw (^-^^ , R>0, xeM.'^ 

and 



Wr{x) := 2R 



r\x\ 



w[^^ dr, R>0, xe M'^. 



These functions have the following properties: 

Lemma A.l. Assume that d> I and 2 + |<p + l<2*. Then, we have that 
\wr{x)\^ <Wr{x) for all R> and X GR"^, 
\\wr\\l°° ^ 2ii for all R > 0, 
\\Wr\\l^<8R^ forallR>0, 

< 2dK for all R>0 and j = 1, 
lOd^K 



L, . . . 



\\/\{dblWR)\\Lo 



< 



i?2 



for all R> 0, 



where K is the constant given in iA.^) . 

Proof of Lemma \A.l{ Since u;(0) = and w' < 1, we have that 



\wr{x)\' = RW (^-^^ <2rJ^^w 



R 



R 



which shows (jA.Sp . 

Now, we can easily verify that that 



(A.l) 



(A.2) 



(A.3) 



(A.4) 



(A.5) 
(A.6) 
(A.7) 

(A.8) 
(A.9) 



WwW roo < 2. 



(A.IO) 
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This estimate (lA.lOp immediately yields ()A.6P : 



\'Wr{x)\ = R 



w 



< 2R. 



(A.ll) 



Moreover, (|A.10p . together with the fact suppu; C [0,2], gives (1X7]) . Indeed, we have 



\Wr{x)\ < 2R 



R 



w{-] dr<AR^ Ikll^oo < SR\ 



(A.12) 



We shall prove (jA.Sp . A simple calculation shows that 



Rw 



R 



+ -t-tttW ' — 



R 



R 

< — 

\x\ 



Since we have 



R_ 

\x\ 



w 



w 



+ 



w 



(A.13) 



< \\w\ 



for all X G M"^, 



(A.14) 



the estimate (fXl3]) . together with (jX2|) . leads to (|X8|) . 
The estimate ()A.9p follows from (|A.2p and the identity 



A(divu;ij)(x) = -^w'" ( ^ ) + 



2{d- 1) ^ „ (\x 
R\x\ 



-w 



R 



+ 



(d-l)(d-3) ,(\x\\ (d-l)((i-3) 



-w 



R 



-Rw 



(A.15) 



□ 



Lemma A. 2. Assume that d> 1 and 2 + ^<p+l<2*. Then, for any m > 0, C > 
and f e L2(M'^), there exists Rq > such that 



^{WR,\f\^)<m forallR>Ro. 



(A.16) 



Proof of Lemma \A.S\ . For any m > 0, C > and / G ^^(M"'), we can take iig > such 
that 



/ l/( 

J\x\>R' 



x)\ dx < 



'\x\ 

Hence, it follows from ()A.7p that 

WR{x)\f{x)\''dx<^C 



m 

16C' 



C_ 
R^ 



\x\>R'o 



\x\>R'o 



\f{x)\^dx< 



m 



for all R>0. 



(A.17) 



(A.18) 



Moreover, we have by the definition of Wr (see ()A.4p ) that 



C_ 
R^ 



\x\<R[, 



WR{x)\f{x)\^dx<C-^ 



2 . „ii . ACKR'^WfWl^ 



m 



< — for ah R > 



Combining (jA.lSp and (jA.19p . we obtain the desired result. 



(A.19) 
□ 
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Now, we introduce our generalized virial identity: 

mma A. 3 ( 

Then, we have 



Lemma A. 3 (Generalized virial identity). Assume that d > 1 and 2 + ^ + l < 2*. 



{WR,m)f) = {WR,\H^) + 2tQ{wR-Vil^o,i^o) + 2 f f lCm"))dt"dt' 

Jo Jo 

-2 f f )C^{tp{t")) dt"dt' 
Jo Jo 

1 /■* /■*' 

- - / / {A{div wr), \ij{t")f) dt"dt' for all R >0. 

2 Jo Jo 

Here, K,^ is defined by 
/C^(/)= / pi(x)|V/(x)|2 + p2(x) ^-Vfix] 



(A.20) 



ps{x)\f{x)\P+'dx, fGH'iR") 



where 



R (\x 



pxix) := 1 - —w . „ . , 
\x\ \ R / 



R (\x 



(A.21) 

(A.22) 
(A.23) 
(A.24) 

(A.25) 



''^^^ ■= WTT) - (^) - ^"^^ i!4 

Remark A.l. If d = 1 or if) is radially symmetric, then we have 

/C^(V)= / Po(x)|V^(x)|2-^3(x)|V(x)rldx, 

where 

p^{x):=l-w' {^^^ =pi{x)+p2{x). (A.26) 

Proof of Lemma \A.3l By the formula (B.17) in [l6], we immediately obtain ()A.20p . □ 
In the next lemma, we give several properties of the weight functions pi, p2, ps and 

Po- 

Lemma A. 4. Assume that d > 1 and 2 + |<p+l<2*. Then, for all R > 0, we have 
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the fallowings: 

supppj = {x G M*^ I |x| > R} for aUR>0 and j = 0, 1, 2, 3, (A.27) 
inf pj{x) > for aUR>0 and j = 0, 1, 2, 3, (A.28) 



po(x) = 1 if \x\ > 2R, (A.29) 
P3(x) = |^^ if\x\>2R, (A.30) 



Loo<Kj for all j = 0,1,2,3, (A.31) 

sup max|-^VVp3(2;), o| < (A.32) 

inf > ^4, (A.33) 

kl>«P3(2;) 

where Kj (j = l,2,3j, and K/^ are some constants independent of R. 
Proof of Lemma A.4\ We give proofs of (|A.32p and ()A.33p only. 



We first prove ()A.32p . A direct calculation shows that 



Vy^) = — (A.34) 



Since supppa = {x G M'^ | |x| > i?} (see (|A.27P ). it suffices to consider the case |x| > R. 
When i? < |x| < i? 1 1 + (^(^^y^) | , we have from (IX34D that 

max |-|^V^P3(x), o| 

f\x\ \f(P-l)-l / rf2(p„i)2^4^(p„i)^4(^^i) d(d-l)(p^l)+2 \ ^ 



< 



d, -,^ , f d2(p-l)2+4d(p-l)+4(d-l) (ci-l)fl Q!(d-l)(p-l)+2 l 

^\ 4^P-i)-i I 4R H H 2H 1 



<1 

R' 



where the implicit constant depends only on d and p. 
On the other hand, when i? < 1 + ( -ijzrSrvro] '''^ ^ r — 1^1' have 



(A.35) 



d(p-l)+2 
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and therefore we obtain from ()A.34p that 



max <j -— I Vv^/93(x), \ < 





+ 


[tt) 


+ 


id~l)R f\x\\ 




/d-(^.(N) 



(A.37) 



< 



R 



\w\ 



where the imphcit constant depends only on d and p. Thus, we see that (1X32]) holds. 
Next, we prove (jA.SSp . The starting point of the proof is the identity: 



Poix) 



p-1 po{x) ^ 

2ip + 1) psix) p^^^^ + _ 1) |i _ (^M) I 



for aU X with |x| > R. 

(A.38) 



When i? < |x| < i? <! 1 + ( d^^r^j+a) r'' ^^^e from (jXaSll that 



p-l po(x) ^ 

po{x) + {d-i)^ (y-1) 



N 



d(p-l)+2 |xi V R 



1 



1 + 



2(d-l) 



1 



R 



> 



d(p-l)+2 l^'l 
^ + ( d(p-l)+2 



d(p-i) 



1 + 



d{p~l) 



On the other hand, when Rll + 



d(p-l)+2 \d(p~l)+2 
2 

2 \ d(P-l) 



d(p-l)+2 



< we have 



l<Po{x)<l + K, < 1 - -^it; ( ^ 1 < 1, 



and therefore we obtain from (jA.SSP that 
p-l pq{x) 1 



> 



, , , - , for ah X G M'* with -R <! 1 + ( -jj-^tto ^ 

2{p + 1) psix) - K + d I \d(P~i}+2 

Thus, we see that ()A.33p holds. 



(A.39) 



(A.40) 

< (A.41) 
□ 



B Compactness device I 

We recall the following sequence of lemmata. 
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Lemma B.l (Frolich, Lieb and Loss [18], Nawa [2]). Let l<a</3<7<oo and let 
f he a measurable function on with 



for some positive constants Ca,Ci^,C-y. Then, we have 



Li — ^1 



\f\>ri ) /oraZZO<r?<minn, ( ) ^"^ , ( 



Proof of Lemma \B.1\ Let 77 be a constant satisfying 



Cp_\p-a ( Cf,\ 7-/3 



< ?7 < min ■j^ 1 , 
Then, we can easily verify that 



Cr \ 7-/5 



4a 



(B.l) 



/3 



\f{x)fdx + 



\\f\<n] 



[v<\f\<}^ 



\f{x)fdx+ / \f{x)\^dx 



< — + 
-2 



i/(x)rdx+ 



I/I >^ 



+ 1] 



(B.2) 



C 



\f\>V 



This estimate ()B.2p immediately gives us the desired result. 



□ 



Lemma B.2 (Lieb [M], Nawa [H]). Lei 1 < g < 00, and let f be a function in W^'''{R'^) 
with 



||V/||i, < Z?i, £"^([1/1 >r? 
for some positive constants Di, D2 and r]. We put 

2q if q > d. 



(B.3) 



(B.4) 



Then, there exists y G M such that 



\f{- + y)\>j\nB,{0) 



> 



1 + 7?gZ)2 

1 + Di 



(B.5) 



where the implicit constant depends only on d and q, and Bi{0) is the ball in M with 
center and radius 1 . 



Proof of Lemma \B.S[ Let / be a function in W^''^{M.'^) satisfying ()B.3p . Put 

5(x)=max{|/(rE)|-|,0}. 



(B.6) 
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Then, we easily verify that 

5 G M^^'^(M'^), ||V5|L,(M^) < (B.7) 
SUPP5 C 



I/I > ?1 • (B.8) 



2 



We first claim that 



[ \Vg{x)\'^ dx < (l + --^^) I \g{x)\'idx for some y e R*^, (B.9) 

JQy \ WoWlI J JQy 

where Qy denotes the cube in M'^ with the center y and side length We note that Qy 

is inscribed in -Bi(y) for all y E M^. 

Let {ynjnsN be a sequence in M'' such that 



UQ,„=M^ Q,„nQ,„ =0 for m/n (B.IO) 

n&N 

Supposing the contrary that (jB.Op fails, we have 

/ |V5(x)|«dx > (l + ^^) / |5(x)|'?(ix forahjiGN. (B.ll) 



\Li/ JQyn 

Then, summing (jB.lip over all n G N yields that 



Di> [ \Vgix)\''dx>(l + -r^) [ \gixWdx>Di, (B.12) 

JR'* V \\9\\li/ JK'* 

which is a contradiction. Hence, ()B.9p holds. 

Now, it follows from ()B.9P that: There exists yo ^ N such that 

/ \Vg{x)\'>dx + \g{xWdx<(2+ ) [ Igix)]" dx. (B.13) 

On the other hand, the Sobolev embedding leads us to that 

1 1 IgixW'dxY < I \VgixWdx + \gixWdx, 



(B.14) 



where is the exponent defined in (jB.4p . and the implicit constant depends only on d 
and q. Combining these estimates ()B.13p and ()B.14p . we obtain that 



/ IgixW'dxY < (2 + —^) / 

J \ ^+ \\9\\li/ JQyo 



\g{x)\'^ dx 



< + T— tVI ^ (^^0 n SUPP5)' ( / \g{x)\i' dx 

V ^+\\9\\l^J \jQy^ 



(B.15) 
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where the imphcit constant depends only on d and q. Hence, we see that 



1 + 115 



Di + 2 + 2\\g\\l, 



< CiQyonsuppg) , 



(B.16) 



where the imphcit constant depends only on d and q. Here, it follows from the definition 
of g (see (|B.6p ) and the assumption (jB.3p that 



\9\\% > 



l\f\>v] 



i/(.)i-ir.(iri>. 



(B.17) 



Since supp^f C [|/| > |] (see (|B.8p ). the estimate (|B.16p . together with ()B.17p . gives us 
the desired result. □ 

Lemma B.3 (Lieb [M]) Nawa [H]). Let 1 < q < oo, and let {/njnsN be a uniformly 
bounded sequence in W^^'3(M"') with 



inf C 



\fn\ > S 



> c 



for some constants 5 > and C > 0. Then, there exists a sequence {Vnjn&M.''- 
a nontrivial function f G W^^'^^MJ^) such that 



fn{- + yn)^f weakly m W^^^i^'^). 



(B.18) 



Lemma B.4 (Brezis and Lieb [S], Nawa [H]). Let < g < oo and let {/njneN be a 
uniformly bounded sequence in L'^(R'^) with fn ^ f o-e. in M"^ for some f G L'^{'K'^). 
Then, we have 



lim 

n— >oo 



|/n(x)r-|/„(rr)-/(rr)r-|/(x)r 



dx = 0. 



(B.19) 



C Compactness device II 

We recall the following sequence of lemmas: All their proofs are found in Appendix C of 



Lemma C.l (Nawa [16]). Let 1 < a < 13 < j < oo, I C M. and let u e C(/;L"(M'^) n 
LT(M"')) with 

sup \\u{t)\\lc < Ca, Cp < sup \\u{t)\f^, sup \\u{t)\\l^ < 

tei t&i tei 

for some positive constants Ca, Cp and C^. Then, we have 



sup/:'' ( \u{t)\ > 5 
t&i 



> C 



for some constants C > and 5 > depending only on a, (3, 7, Ca, C^g and C^. 
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Lemma C.2 (Nawa gG]). Let 1 < q < oo, I <£ R and letu he a function mC{I; VF^'''(M'^)) 
such that 

SUp||Vw(t)||L, < Cq, 



supC ( \u{t)\ > 5 



> C 



for some positive constants Cq, 6 and C . Then, there exists y G M"' such that 



sup£" 
t&i 



\u{- + y,t)\ > 



nSi(o)^ > C 



for some constant C > depending only on Cq, C, 5 and d, where -Bi(O) is the hall in 
with center and radius 1 . 

Lemma C.3 (Nawa [IS])' Let < g < oo, / ^ M and let {unjneN he a equicontinuous 
and uniformly hounded sequence in C{L;L'i{R'^)) with lim Un = u a.e. in M."^ X I for 

n— >oo 

some u G C(/; L'^(M'^)). Then, we have that: 



lim sup 

t&l 



\Unix, t)\'^ — \Un{x, t) — u{x, t)\'^ — \u{x, t)]' 



dx = 0, 



(C.l) 



lim 1 1 



''-^{un -u)- |n|'?-^n} = strongly in L'^'(M'^)). 

(C.2) 



D Elementary inequalities 

In this section, we summarize elementary inequalities often used in this paper. We begin 
with the following obvious inequalities. 



Lemma D.l. Let 1 < q < oo. Then, we have that 

llar-l^l'^l ^ + \b\''~^) \a - b\ foralla,beC, 

\a\'^^^ a - \b\'^^^ b < (|a|'?-^ + |6|^^^) \a - b\ for all a, 6 G C, 

where the implicit constants depend only on q. 

Besides the above, we also have the following inequality. 
Lemma D.2. Let Q < q < oo, L G N and ai, . . . ,0^ G C. Then, we have 



k=l 



9 L 



1=1 



1=1 



< ^ \ai\ lofcl"^ 



1=1 l<k<L 



(D.l) 
(D.2) 



for some constant C > depending only on q and L. 
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Proof of Lemma \D.2 . Since 



E 



k=l 

it suffices to prove that 

L 



1 L L 



1=1 1=1 



1=1 



L 
k=l 



\^l\' 



1=1 



L 
k=l 



< 



cE E 

1 = 1 l<k<L 
k^l 



\ai\ \ak\ 



(D.3) 



for some constant C > depending only on q and L. Rearranging the sequence, we may 
assume that 

< \a2\ < ••• < \aL-i\ < 



Then, we have 



L~l 

1=1 



k=l 



1=1 { \k=i / 

L-l 

<Y.\ai\{{L\aL\r + \aLn 
1=1 

L-l 

= {L'^ + l)Y,\ai\\aLV 
1=1 

L 



1=1 l<k<L 



It remains an estimate for the term 



When g > 1, we have by (|D.ip that 



k=l 





L 


1 




L 


q-1 


Oil 


E"fc 

k=l 






E«fc 

fc=l 





19-1 



L-l 

E«' 

1=1 



L-l 



1=1 

L 

/=1 l<fc<L 

where the imphcit constant depends only on q. Hence, in the case q > 1, we have obtained 
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the result. We consider the case < q < 1. When |aL_i| > IolI/L, we have 



1=1 



<\aL\{L'i + l)\aL\' 
<L|aL_i|(L'? + l)|air 

L 

<L(L'? + 1)^ \ai\\ak\ 

1=1 l<k<L 
k^l 



On the other hand, when |aL_i| < {ail /L, one can see that 



L 



L-1 

1=1 



< 



L 
1=1 



< OL + 



L-1 
1=1 



Moreover, we have by the convexity of the function f{t) = f {0 < q < 1) that 



L-1 
1=1 



L-1 

«=i 



Hence, it fohows from these estimates that 



1=1 



I^lI 



< IolI 



IolI 



<'7 
<'7 



L-1 

1=1 

L-1 

1=1 



|ol| 



L-1 

1=1 

L-1 

1=1 



q-l 



|aL 



q-l 



and therefore 



OL 



L 

1=1 



«L 



< 



L-1 

1=1 



1=1 l<k<L 



Thus, we have completed the proof. 



□ 



E Concentration function 

In this section, Bji{a) denotes an open ball in with the center a G M"' and the radius 
R: 

Bnia) := {x G M'' I Ix - a| < R}. 

In order to trace the "fake" soliton, we prepare Proposition IE. 21 below. We begin 
with: 
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Lemma E.l (Nawa [42|). Let < Tm < oo, 1 < g < oo and let p be a non-negative 
function in C([0, T^); L1(M'^) n L'?(M'^)). Suppose that 

/ p{x,to)dx > Co (E.l) 

•^|a;-?;ol<-Ro 

for some Cq > 0, Rq > and (yoj^o) G M'^ x [0,Tm,). Then, there exist 9 > and T > 0, 
both depending only on d, q, p, Co, Rq and to, such that 

p{x,t)dx>Co, y{y,t) GBrivo) x {to-e,to + 9). 

\x-y\<Ro 

Remark E.l. When p: [0,Tm) — L^iW^) is uniformly continuous, we can take 9 inde- 
pendent oftQ. Unfortunately, we are not in a case to assume the uniform continuity. 

Proof of Lemma \E.ll Put 



eo = / p{x,to) dx -Cq. 

J\x-yo\<Ro 

Then, we have by (jE.ip that eq > 0. Since we have by the Holder inequahty that 

/ p{x,to)dx<C''{BR,{yo)\Bj^{y))^--^\\p{to)\\mu^~,, Vy G (E.2) 

we can take F > 0, depending only on d, q, p, Cq, -Ro and tQ, such that 



p{x,to)dx<^, Vy G Br(yo)- (E.3) 



Moreover, it follows from (|E.3|) that 
p{x, to) dx 

Brq (yo) 



= / p{x,tQ)dx+ I p{x,to)dx- / p{x,tQ)dx (E.4) 

< / p{x,to)dx + ^, Vy G Sr(yo), 

JBnr. iy) 



so that we have 



/ p{x,tQ)dx> I p{x,to)dx - ^, VyG-Br(yo)- (E.5) 

JBn^iy) JBu^iyo) ^ 

Now, since p is non-negative, we have that, for any measurable set VL C M"^, 



p{x,tQ)dx - j p{x,t)dx <\\p{t) - p{tQ)\\^^^^^ay VtG[0,rm). (E.6) 

This estimate (|E.6p . together with the continuity of p: [0, T^) — )• L^iW^), gives us that 
there exists > 0, depending only on d, p, Cq, Rq and to, such that 

/ p{x,to)dx— / p{x,t)dx<—, 

JBR^iy)nBR^^{yo) -^Sflo (2/)nBfl,) feo) ^ 

V(y,t) gM^x (to-^,to + ^), 
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and 

p{x,to)dx- p{x,t)dx<^, 
BRo{y)\BR^{yo) JBR^{y)\BRg{yo) ^-^^^-^ 

y{y,t)GM.'^x{to-e,to + e), 

Combining these estimates, we see that there exists ^ > 0, depending only on d, p, Co, 
Rq and to, such that 

/ p{x,to)dx- I p{x,t)dx<^, y{y,t) eM.'^ X {to-e,to + e). (E.9) 
-Jbr^^v) JBR^iy) ^ 

Moreover, it follows from the estimates ()E.5p and ()E.9p that there exist > and F > 0, 
both depending only on d, q, p, Cq, Rq and Iq, such that 



/ p{x,t)dx= / p{x,tQ)dx— / p{x,t\))dx— I 

J\x-y\<Ro JBR^iy) \J BR^{y) J 

f . ^ , 2eo 
> / p{x,to)dx — 

JBR^(y) 'i 



> / p{x, to) dx-eo = Co 

JBR^iyo) 

for all y G with \y — yo\ < T, and all t G [0, T^) with \t — to\ < 6. Thus, we have 
proved the lemma. □ 

Proposition E.2 (Nawa [121113]). Assume that d>l. Let < < cc, 1 < g < oo, 

and let p be a non-negative function in C([0, T^); n L^{W^)) with 



|ii(lRd) = l for allt£[{),Tm). (E.IO) 
We put 

= sup lim inf sup / p{x,t)dx. 

R>0 i^Tm yiz^d J\x~y\<R 



l\x~y\<R 

If Ap > ^, then for all e G (0, 1), there exist i?^ > 0, > and a continuous path 
7£ G C{[Te,Tra)]^'^) such that 

I p{x,t) dx>{l- e)Ap for all R > 3Re and t G [Te,Tm). 

J\x-^e{t)\<R 



Proof of Proposition \E.^ We put r] := 2Ap — 1, so that Ap = ^ + 2- Then, the assump- 
tions ()E.10|) and Ap > ^ imply that < 77 < 1. We choose arbitrarily e G (0, j^) and 
fix it. 

It follows from the definition of Ap that for our e > 0, there exist R^ > and > 
with the following property: for all t G [T^, T^), there exists a point ye{t) G M'^ such that 

/ p{x,t)dx> {l-e)Ap. (E.ll) 

J\x-ye{t)\<R, 
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For these Re and T^, we shall construct a continuous path 7^: \^e^Tm) - 
that 

f p{x, t) dx>{l- e) Ap for ah t G [T^, T^), 

which will lead us to the desired conclusion. To this end, we define: 



p{x,t) dx > {I- e) 



\x-ye{T,)\<R, 



P ( ' 



satisfying 
(E.12) 

(E.13) 



where y{Te) is a point found in (|E.lip . By Lemma lE.H it follows from (jE.lip that 
T* > Tg. If T* = Tm, then there is nothing to prove: 7e(i) = VeiTe) (t G [Te,Tm)) is the 
desired continuous path. 

Hence, we consider the case of T* < T^- In this case, by Lemma lE. II again, we find 
that: there exists a constant 9e{T*) > such that 

p{x, t) dx>{l- e) Ap for ah t G {T* - de{T*),T* + ^^(r;)) . (E.14) 

'\x-y,{Ti)\<R, 

Here, we claim that: 



iBRM{T:))x{t})n{BRMiTe))x{t})^9 for t G (T,* - 0,(r;), T,* 
For: we suppose the contrary that ti G (T* — 0e(r*),T*] such that 

(BnAyeiT:)) X {t^}) n {BnMiTe)) x {h}) = 0. 
Then, it follows from the assumption (jE.lOp and (jE.16p that 

p{x, ti) dx 



(E.15) 
(E.16) 



1 > 



/ p{x,ti)dx+ j 

JBRjyJT*)) Je 



(E.17) 



p{x, ti) dx. 



BR,{y4Te)) 



Moreover, (|E.14p and the definition of T* yeild that the right-hand side of (|E.17p is 
greater than 2(1 — e)Ap. Hence, we obtain 

1 > 2(1 - e)Ap = 2{l-e)(l + ^] =l + ri-e{l + rj), 



so that we have 



e > 



2 2 

V 



1 + 7? 



(E.18) 



which (jE.lSp contradicts our choice of e < — • Therefore ()E.15p holds valid. 
Now, for our e G (0, j^), we define a path 7* : [Te,T*] M"' by 

f VeiTe) if Te<t<T*-de{T:), 



ye{T:) + ^J^Aye{Te)-ye{T*e)) if T,* - ^.(T,*) < t < T,*, (E.19) 



OelTe 



[ ye{T: 



if T; <t <T* +ee{T*). 
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Clearly we have 7* G C{[Te,T* + ^^(T*)]; M'^). Moreover, it follows from (|El5]l that 

B3RAl*eit)) D BR^{y,{T:)) U i?ij,(y.(T,)) for ah t G [T^T; + ^.(T,*)] (E.20) 
which, together with the definition of T* , yields that 



\x-'yi{t)\<3Re 



p{x, t) dx > 



p{x, t) dx 



lBR^{y,iTi))UBii^{y,{T,)) 

>{l-s) Ap for ah t G [T„T* + OeiT*)]. 



(E.21) 



Here, we have enlarged the radius of the ball centered at the 7^ (t) for t G [T^,T* +6i;{T*)]. 

We shall extend the path 7* to the whole interval [T£,T^). We recall (jE.lip . so that 
we have from Lemma lE.ll that, for all r G {T*,Tm), there exists ye{T), and exists a 
constant Os{t) > depending only on d, q, p, e and r such that 



/ 

J\x 



p{x,t)dx>{\-e)Ap forantG(r-e,(r),r + 0,(r))c(r;,r^) (E.22) 
Now we put Ir ■= (r — 9s{t),t + ^e(r)). Then, we have 

SO that {It}t&(t* ,Tm) is open covering of {T*,Tm)- Since {T*,Tm) is a Linderof space, 
we can take a countable subcovering {/T-fclfeeN, where {rfcjfcgN is some increasing sequence 
in {T*,Tm) such that < T^+i, arranging that /^-^ n lTk+2 = for A; = 1, 2, • • • . We note 
that one can take yeiji) = ys{T*). 

We define 7^ := 7* on [T^,T*]. If necessary, we make an analogous procedure as in 
constructing 7* in (jE.19p to define 7^ on [T*,Tm)- by writing 1^-^ H Ir^+i = (o^k^bk) and 
yfe := ye(7"fc), 



7.(t) 



Then, 7, : [T, 



since we have 



Vk 



Vk+i + 



h 



bk - CLk 



if t G Irfe \ (afc,^fc), 
{Vk-yk+i) if t^{ak,bk), 



Vk+i if * e /r^+i \ (afc,5fc). 

is continuous and satisfies that 



|x-7,(t)|<3R, 



t) > (1 - for all t G [T^, T^), 



(5/?,(yfc) X {t}) n (B/?,(yfc+i) x {*}) / for ah t G (flfc, 6fc). 



□ 



Remark E.2. Here, we remark that: if Ap = 1, the proof becomes easier. Then the 
following estimate holds: for all e > 0, 



lBa^{y,{T;))nBa^(y,{T,)) 



p{x, ti) dx>l-2e for all t G (T* - ^^(T*), T*] 



(E.23) 
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Indeed, we have from {E.I4) and the definition of T* that 



1 > 



Bu^{ye{T*))UBR^{y,{T,)) 
/ p{x,ti)dx + 



p{x, ti) dx 



p{x, ti) dx 



-L 

>2(l-e)- / 
Jb, 



Bn^{y,{T*))nBn,{yem) 



p(x, ti) dx 



p{x, ti) dx 



lBR^{y,{T*))nBR^ {y,(T,)) 

for all t 6 (T* — Oi,{Ti.),T*] , which gives liE.23\) . Thus we do not need to enlarge the 
radius of the ball centered at the ^{t) for t G [T^,Tm). 



F Variational problems 

We give the proofs of the variational problems, Proposition 11.11 and Proposition 11.21 
We begin with the proof of Proposition 11.11 



Proof of Proposition We first prove the relation ()1.27p : 

=[-d) i(d + 2)-(d-2)pj 

Take any / G H\R'^) \ {0} with /C(/) < and put fx{x) = X^f{Xx) for A > 0. Then, 
one can easily verify that: 

\\fx\\%. = {^^^} + (F.l) 

/C(/a) = A^+'-"'/C(/) < 0, (F.2) 

AA2(/a)=AA2(/). (F.3) 
Moreover, an elementary calculus shows that ||/a||^i takes the minimum at 



d + 2-{d-2)pJ IIV/IU2' 



(F.4) 



so that 



mm||/A|||, =^-j [j^i-^p) 

Now, we consider a minimizing sequence {/njnsN of the variational problem for A'^2 (see 
()1.20p ). Then, it follows from (|F.5p and the definition of the variational value A'^i (see 
(fLT9D ) that 

AT— <(^] ( "^^P y ] N2. (F.6) 

1 -\2j \d + 2-{d-2)p ^ ' 
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On the other hand, considering a minimizing sequence {/njnsN of the variational problem 
for A'^i, we obtain 

AT— >(^] [ "^^P y ] N2. (F.7) 

1 -\2) \d + 2-{d-2)p) ^ ' 

This inequality (IFTt]) together with (fR6]l gives (fOTll . 
Next, we prove (fT^ : 

2(p+l) 

Let {/n}neN be a minimizing sequence of the variational problem for (see (|1.21|) ). For 
each fn, there is a constant > such that JC{snfn) = 0. We put gn = Snfn- Then, 
one can easily verify that 

so that 

lim X{gn) = Ns. (F.8) 
Moreover, using JC{gn) = 0, we find that 

^^'-^ = J§TT)^'^'-^ - §§TTf' forahnGN. (F.9) 
Hence, (jEll) and (jEH) give us that 

dip -I] 



2{p + r 



■N2 < N3. (F.IO) 



Now, we consider a minimizing sequence {/njnsN of the variational problem for (see 
(jl.20p ). Then, it follows from /C(/„) < and the definition of that 

iV3|^||V/„||i. < NMltl < \\fXV-"^''~''\\Vf4t'\ (F.ll) 
Dividing the both sides of (IRTB by Ifriy ||V/„||^2, we have 



N, < ||/„||--t<'-'||V/„||>- = I^MM.). (F^12) 



Since {/n}neN is a minimizing sequence of the variational problem for N2, taking n — )■ 00 
in (|F.12p . we obtain 

^ - 2{p+l) 

which together with (fFTO]) gives (fOH]) . □ 

Next, we give the proof of Proposition 11.21 
Proof of Proposition li.^l We first solve the variational problem for 

iVi = inf{||/|||, \ feH\R^)\{0}, /C(/)<0}. 
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Considering a concrete function, we verify that 



(F.13) 



where the imphcit constant depends only on d and p. Moreover, the functional || • 
satisfies that 

(F.14) 



lH.< ,(^^!,/!4 ll/ll|. forall/EF^(M^) 
We take a minimizing sequence {/n}neN ^or this problem, so that 

lim =iVi, 

n— >-oo ^ 

IC{fn) < for all n G N. 
Here, the property ()F.16P is equivalent to the inequality 

|^||V/„||i. < forallnGN. 



(F.15) 
(F.16) 

(F.17) 



By (IFT3]l . (IFT4]l and (|R15]> . we obtain the uniform bound of {/„}neN in H^{R'^): there 
exists Ci > depending only on d and p such that 



sup||/„||//i < Ci. 

neN 



(F.18) 



Moreover, by the Gagliardo-Nirenberg inequality (we can obtain this inequality without 
solving the variational problem for N3) and (|F.18p . we have 



L2 



(F.19) 



where the implicit constant depends only on d and p. This inequality (|F.19p . together 
with (jRTTl) . yields that 



2(P + 1) < . 
d(p-l)-^ 1 



,p+l-f(p-l)||^^^|lf{p-l)-2 



(F.20) 



Hence, using (|F.17p again, we have that: there exists C2 > depending only on d and p 
such that 

(F.21) 



inf ||/n||LP+i > C2. 
n6N 



The properties (|F.18p and (|F.2ip enable us to apply Lemma iB.ll so that we obtain 

C'ilfnl >S]>C 

for some constants C and 6 > independent of n. Moreover, applying Lemma \B.2\ we 
find that: there exists yn S M'^ such that, putting fn{x) = fn{x + yn), we have 



fn 



> 



nSi(o) > C 



(F.22) 



104 



for some constant C" > independent of n. Here, we can easily verify that this sequence 
{/njnsN has Same properties as the original one {fn}nm- 

hm =iVi, (F.23) 

/C(7„,) < for ah n G N, (F.24) 
sup||/„||hi < Ci. (F.25) 

We apply Lemma IB.3I to {/n}neN and obtain a subsequence {/n}neN (still denoted by 
the same symbol) and a nontrivial function Q € //^(M*^) such that 

lim 7„ = Q weakly in i?i(M'^). (F.26) 

n— >oo 

The property (|F.26p also gives us that 



l|V/„||i2 - \\Vfn - VQWh - WVQWl^ = 25ft / (V/„ - VQ)VQdx 

JKd (F.27) 

— >• as n — )• oo, 

and 

IIQII |i < Ni. (F.28) 

Here, ()F.28P follows from the lower continuity in the weak topology and (|F.23p . Moreover, 
Lemma IB.41 together with (|F.26p . gives us that: for all 2 < g < 2*, 

\\fn\\%-\\fn-Q\\%-\\Q\\%^0 asn^oo. (F.29) 

It follows from i!(Fl7\\ and I^F\29\\ that 

^(7n) - ICifn -Q)- JCiQ) ^0 as n ^ oo (F.30) 

and ^ 

\\fn\\%,-\\fn-Q\\l,-\\Q\\%,^0 asn^oo. (F.31) 

We show that the function Q is a minimizer of the variational problem for Ni. To this 
end, it suffices to prove that 

/C(Q) < 0. (F.32) 

Indeed, by the definition of A''i, ()F.32p implies that A^i < ||<5||^i, which, together with 
dEM]), yields that 

\\Q\\l,=N,. (F.33) 

We prove (102]) by contradiction: suppose that /C(Q) > 0. Then, ([R24]l and (lR30l) 
imply that 

^(/n — Q) < for all sufhciently large n G N. 
Therefore, by the definition of A^^i, we have 

||7n - Qll ~i > iVi for aU sufficiently large n G N. (F.34) 

Combining (|R3T]) . (fR23]l and (fR34]l . we obtain that \\Q\\^i =0, which is a contradiction. 
Hence, we have proved (|F.32p . 
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Now, it follows from (|R23]) . ^Fl^ and that 

Win - Q\\%^ = \\fn\\%, - + / V7„(x)VQMdx 



-2K/ /„(x)Q(x)(ix + ||Q|||, 
— )■ as n — )• oo. 
This, together with (|F.14p . immediately yields the strong convergence: 

lim fn = Q strongly in H^. (F.35) 

n— >oo 

We shall prove 

/C(Q) = 0. (F.36) 
Putting Qs = sQ for s G M, we have that 

JCiQs) > for aU . G (o, j g^^ljJ^gH " 
Here, ()F.32p implies that 

/2(p + l) llVQIli,!^ 



< 1. 



Supposing the undesired situation IC{Q) < (/C(Q) < has been proved already), we 
have by the intermediate value theorem that there exists sq £ (0, 1) such that 1C{Qsq) = 0, 
so that IIQsolll^i — ^1 definition of A'^i. However, it follows from (|F.33p that 

\\Qso\\l,=sl\\Q\\l,<\\Q\\%=N^, 

which is a contradiction. Hence, (jF.36p holds valid. 

Next, we consider the variational problem for A''2. We show that the function Q 

2 

obtained above is a minimizer of this problem. Put Q\{x) = Q{Xx) for A > 0. We 
easily verify that 

}C{Qx) = for all A > 0, 

which implies that 

||Qa||~i>A^i for ah a >0. 

Then, the same argument as (|F.4p . together with ()F.33p . shows that ||Qa|||/'i '■ (0, oo) — )• 
[0, oo) takes the minimum at 

/ d{p-l) \^ WQh, 

\d + 2-{d-2)pJ \\VQ\\^, ■ ^ ■ ^ 

Therefore, as well as ()F.5p . we have that 



r^i' = IIOIIT.' = WAfffl'lA-i 



.(,-1) ^i'«-<-^'-*V.(«,. 



2 J \d + 2-{d-2)p 
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This, together with ()1.27p in Proposition ll.H leads us to the conclusion that 

M2{Q) = N2. (F.38) 
Here, we remark that ()F.36P and ()F.37p yield the relation (jl.SSp : 



_ d + 2-(d-2)p 2 _ d + 2-{d-2)p +^ 



We shall show that Q is also a minimizer of the variational problem for N^,. Indeed, 
TTMI) in Proposition together with (|R36|) and dEM]), yields that 



„,,,,P+i-fb-i)„..^„f(p-i) 

AQ) 



(F.39) 



2{p+l) 2(p+l)- 
Finally, we prove that Q satisfies the equation (|1.16p with cj = 1: 

AQ-Q + |Q|P-iQ = 0. (F.40) 
Since X{Q) is the critical value of X (see (|F.39P ). we have 

= ^X(Q + e<i)) 

WQWlt. 



(F.41) 



|P+l-f(p-l)||„^llf(p-l), 



- — ^" " , ^-^^ ^— for aU G M"^ . 

IIQIli?//^ 

Combining with (jEMD (||Q||^++i = Ifr^UVQH^^), we obtain that 

+ 4(p+l) llVQIli, JT:y^^V(^(xJV0(xJdx (F.42) 



j2/ ■,n2 ll^l|P+l-f(P~l)|lT7^l|l(P-l)-2 
1)^ IIQII^a IIVQII^a 



4(p+l) ||VQ||2, 



^ I \Q{x)\'P-^Q{x)(l){x)dx. 



This, together with (|F.37p . shows that Q satisfies the equation ()F.40p in a weak sense. 
Moreover, it turns out that Q has the following properties: Q is positive (see 
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radially symmetric (see |19j). unique up to the translations and phase shift (see [32]), 
and satisfies the decay estimate (see [H [35] ) : 

|5"Q(2;)| < Ce-'^l^l for all multi-index a with \a\ < 2, (F.43) 

where C and 5 are some positive constants. 

Finally, we shall show that Q belongs to the Schwartz space 5(M'^). Since Q is a 
smooth and radially symmetric solution to (|F.40p . we have that 

-^5"Q = 5"Q + 9"QP-a"^^^4g for all multi-index a and r = Ixl. (F.44) 

ar^ r dr 

Then, an induction argument, together with (|F.43p . leads to that Q G 5(M'^). □ 
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